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Abstract. We study the problem of embedding graphs in the plane as
good geometric spanners. That is, for a graph G, the goal is to construct
a straight-line drawing I" of GG in the plane such that, for any two vertices
u and v of G, the ratio between the minimum length of any path from u
to v and the Euclidean distance between u and v is small. The maximum
such ratio, over all pairs of vertices of G, is the spanning ratio of I'.
First, we show that deciding whether a graph admits a straight-line draw-
ing with spanning ratio 1, a proper straight-line drawing with spanning
ratio 1, and a planar straight-line drawing with spanning ratio 1 are NP-
complete, IR-complete, and linear-time solvable problems, respectively.
Second, we prove that, for every ¢ > 0, every (planar) graph admits a
proper (resp. planar) straight-line drawing with spanning ratio smaller
than 1+ €. Third, we note that our drawings with spanning ratio smaller
than 1 4+ € have large edge-length ratio, that is, the ratio between the
lengths of the longest and of the shortest edge is exponential. We show
that this is sometimes unavoidable. More generally, we identify having
bounded toughness as the criterion that distinguishes graphs that ad-
mit straight-line drawings with constant spanning ratio and polynomial
edge-length ratio from graphs that do not.

1 Introduction

Let P be a set of points in the plane and let G be a geometric graph whose vertex
set is P. We say that G is a t-spanner if, for every pair of points p and g in P,
there exists a path from p to ¢ in G whose total edge length is at most ¢ times
the Euclidean distance ||pq|| between p and q. The spanning ratio of G is the
smallest real number ¢ such that G is a t-spanner. The problem of constructing,
for a given set P of points in the plane, a sparse (and possibly planar) geometric
graph whose vertex set is P and whose spanning ratio is small has received
considerable attention; see, e.g., [11,12,13,14,17,20,22,38,49,50].

In this paper we look at the construction of geometric graphs with small
spanning ratio from a different perspective. Namely, the problem we consider is
whether it is possible to embed a given abstract graph in the plane as a geometric
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graph with small spanning ratio. That is, for a given graph, we want to construct
a straight-line drawing with small spanning ratio, where the spanning ratio of
a straight-line drawing is the maximum ratio, over all pairs of vertices v and v,
between the total edge length of a shortest path from u to v and ||uv||.

Graph embeddings in which every pair of vertices is connected by a path sat-
isfying certain geometric properties have been the subject of intensive research.
As a notorious example, a greedy drawing of a graph [5,7,18,23,30,35,39,41,42,47]
is such that, for every pair of vertices u and v, there is a path from v to v that
monotonically decreases the distance to v at every vertex. Further examples
are self-approaching and increasing-chord drawings [3,19,40], angle-monotone
drawings [9,19,36], monotone drawings [4,6,28,29,31,34] and strongly-monotone
drawings [4,24,34]. While greedy, monotone, and strongly-monotone drawings
might have unbounded spanning ratio, self-approaching, increasing-chord, and
angle-monotone drawings are known to have spanning ratio at most 5.34 [32],
at most 2.1 [43], and at most 1.42 [9], respectively. However, not all graphs, and
not even all trees [35,39], admit such drawings.

Our results are the following.

First, we look at straight-line drawings with spanning ratio equal to 1, which
is clearly the smallest attainable value by any graph. We prove that deciding
whether a graph admits a straight-line drawing, a proper straight-line drawing
(in which no vertex-vertex or vertex-edge overlaps are allowed), and a planar
straight-line drawing with spanning ratio 1 are NP-complete, 9R-complete, and
linear-time solvable problems, respectively.

Second, we show that allowing each shortest path to have a total edge length
slightly larger than the Euclidean distance between its end-vertices makes it
possible to draw all graphs. Namely, for every ¢ > 0, every graph has a proper
straight-line drawing with spanning ratio smaller than 1 + € and every planar
graph has a planar straight-line drawing with spanning ratio smaller than 1+ .

Third, we address the issue that our drawings with spanning ratio smaller
than 1+ € have poor resolution. That is, the edge-length ratio of these drawings,
i.e., the ratio between the lengths of the longest and of the shortest edge, might
be super-polynomial in the number of vertices of the graph. We show that this
is sometimes unavoidable, as stars have exponential edge-length ratio in any
straight-line drawing with constant spanning ratio. More in general, we present
graph families for which any straight-line drawing with constant spanning ratio
has edge-length ratio which is exponential in the inverse of the toughness. On the
other hand, we prove that graph families with constant toughness admit proper
straight-line drawings with polynomial edge-length ratio and constant spanning
ratio. Finally, we prove that bounded-degree trees admit planar straight-line
drawings with polynomial edge-length ratio and constant spanning ratio.

Full versions of sketched or omitted proofs can be found in the Appendix.

2 Preliminaries

For a graph G and a set S of vertices of GG, we denote by G — S the graph
obtained from G by removing the vertices in S and their incident edges. The



subgraph of G induced by S is the graph whose vertex set is S and whose edge
set consists of every edge of GG that has both its end-vertices in S. The toughness
of a graph G is the largest real number ¢ > 0 such that, for any set S such that
G — S consists of k > 2 connected components, we have |S| >t - k.

A drawing of a graph maps each vertex to a point in the plane and each edge
to a Jordan arc between its end-vertices. A drawing is straight-line if it maps
each edge to a straight-line segment. Let I" be a straight-line drawing of a graph
G. The length of a path in I' is the sum of the lengths of its edges. We denote by
|luv||r (by 7 (u,v)) the Euclidean distance (resp. the length of a shortest path)
between two vertices u and v in I'; we sometimes drop the subscript I" when the
drawing we refer to is clear from the context. The spanning ratio of I" is the real

value max T(0)
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A drawing is planar if no two edges intersect, except at common end-vertices.
A planar drawing partitions the plane into connected regions, called faces; the
bounded faces are internal, while the unbounded face is the outer face. A graph
is planar if it admits a planar drawing. A planar graph is mazimal if adding
any edge to it violates its planarity. In any planar drawing of a maximal planar
graph every face is delimited by a 3-cycle. The bounding box B(I") of a drawing
I' is the smallest axis-parallel rectangle containing I" in the closure of its interior.
The width and height of I" are the width and height of B(I").

, where the maximum is over all pairs of vertices u and v of G.

3 Drawings with Spanning Ratio 1

In this section we study drawings with spanning ratio equal to 1.

Theorem 1. Recognizing whether a graph admits a straight-line drawing with
spanning ratio equal to 1 s an NP-complete problem.

Proof sketch: The core of the proof consists of showing that a graph has
a straight-line drawing with spanning ratio 1 if and only if it contains a Hamil-
tonian path (then the theorem follows from the NP-completeness of the prob-
lem of deciding whether a graph contains a Hamiltonian path [26,27]). In par-
ticular, let I be a straight-line drawing with spanning ratio 1 of a graph G
and assume w.l.o.g. that no two vertices have the same z-coordinate in I'. Let
V1, V2, ...,U, be the vertices of G, ordered by increasing z-coordinates. Then,
for i = 1,2,...,n — 1, we have that G contains the edge v;v;11, as any other
path between v; and v;11 would be longer than ||v;v;11||. Hence, G contains the
Hamiltonian path (vy,va, ..., vp). O

The existential theory of the reals problem asks whether real values exist for n
variables such that a quantifier-free formula, consisting of polynomial equalities
and inequalities on such variables, is satisfied. The class of problems that are
complete for the existential theory of the reals is denoted by IR [44]. It is known
that NP C 3R C PSPACE [15], however it is not known whether IR C NP.
Many geometric problems are JR-complete, see, e.g., [1,37].

Theorem 2. Recognizing whether a graph admits a proper straight-line drawing
with spanning ratio equal to 1 is an AR-complete problem.
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Fig. 1: The five graph classes defined in [21].

Proof sketch: Let I' be a proper straight-line drawing with spanning ratio
1 of a graph G. Let S be the set of points at which the vertices of G are drawn.
It is easy to prove that the point visibility graph Gg of S is isomorphic to G,
where the point visibility graph Gp of a point set P C R? has a vertex for each
point p € P and has an edge between two vertices if and only if the straight-line
segment between the corresponding points does not contain any point of P in
its interior. The theorem follows from the fact that recognizing point visibility
graphs is a problem that is IR-complete [16]. O

Theorem 3. Recognizing whether a graph admits a planar straight-line drawing
with spanning ratio equal to 1 is a linear-time solvable problem.

Proof: Dujmovic et al. [21] characterized the graphs that admit a planar straight-
line drawing with a straight-line segment between every two vertices as the
graphs in the five graph classes in Figure 1. Since a straight-line drawing has
spanning ratio 1 if and only if every two vertices are connected by a straight-line
segment, the theorem follows from the fact that recognizing whether a graph
belongs to such five graph classes can be easily done in linear time. O

4 Drawings with Spanning Ratio 1 4 €

In this section we study straight-line drawings with spanning ratio arbitrarily
close to 1. Most of the section is devoted to a proof of the following result.

Theorem 4. For every € > 0, every connected planar graph admits a planar
straight-line drawing with spanning ratio smaller than 1 + €.

Let G be an n-vertex maximal planar graph with n > 3, let G be a planar
drawing of G, and let (u,v, z) be the cycle delimiting the outer face of G in G.
A canonical ordering [8,25,33] for G is a total ordering [v1,...,v,] of its vertex
set such that the following hold for k = 3,...,n: (i) v1 = u, v2 = v, and v, = z;
(ii) the subgraph Gy of G induced by vy, ..., vy is 2-connected and the cycle Cy,
delimiting its outer face in G consists of the edge v1v2 and of a path Py between
v; and vg; and (iii) vy is incident to the outer face of Gy in G. Theorem 4 is
implied by the following two lemmata.

Lemma 1. Let H be an n-vertex connected planar graph. There exist an n-vertex
mazimal planar graph G and a canonical ordering [vy, . . .,v,] for G such that, for
each k € {1,...,n}, the subgraph Hy, of H induced by {v1,..., v} is connected.



Fig. 2: Construction for the case in which a(v) = b(v).

Proof sketch: For each k = 2,... n, we let Gi, be the subgraph of G induced
by v1,...,v; and L be the graph composed of G and of the vertices and edges
of H that are not in Gj. Further, we define vy,...,v; and Gy so that Hy is
connected, G, is 2-connected, and L admits a planar drawing L such that:

1. the outer face of the planar drawing Gy of G in L is delimited by a cycle
Cr composed of the edge v1v2 and of a path Py between v, and vo;

2. vy is incident to the outer face of Gy;

. every internal face of G is delimited by a 3-cycle; and

4. the vertices and edges of H that are not in Gy lie in the outer face of Gy.

w

If £ = 2, then construct any planar drawing L5 of H and define v; and vy as
the end-vertices of any edge v;v5 incident to the outer face of L. Properties 14
are then trivially satisfied (in this case the path Py is the single edge vjvs).

If 2 < k < n, assume that vq,...,vx_1 and Gi_1 have been defined so that
Hj,_1 is connected, Gi_1 is 2-connected, and Lj_; admits a planar drawing L1
satisfying Properties 1-4. Let Pr—1 = (u = wy,ws, ..., w, = v), where & > 2.

Consider any vertex v in Li_1 \ Gx—1. By Properties 1 and 4 of L£;_1, all
the neighbors of v in Gj_; lie in Pr_1. We say that v is a candidate (to be
designated as vy) vertez if, for some 1 < i < z, there exists an edge w;v such
that w;v immediately follows the edge w;w;_1 in clockwise order around w; or
immediately follows the edge w;w;11 in counter-clockwise order around w;.

For each candidate vertex v, let wy(,) and wy(,) be the neighbors of v in
Pr—1 such that a(v) is minimum and b(v) is maximum (possibly a(v) = b(v)). If
a(v) < b(v), let the reference cycle C(v) of v be composed of the edges wq(y)v
and wy(,)v and of the subpath of Py between wg(,y and wy,). Define the depth
of v as 0 if a(v) = b(v) or as the number of candidate vertices that lie inside C(v)
in L;_1 otherwise. We select as v := v any candidate vertex v with depth 0.

If a(v) = b(v), as in Figure 2, assume that w,(,)v immediately follows the
edge Wq(y)Wa(v)+1 in counter-clockwise order around wg(,); the other case is
symmetric. Define G as Gj—1 plus the vertex v and the edges w,,)v and
Wa(v)4+1v- Further, construct £y by drawing the edge wq(,)41v so that the cycle
(Wa(v)s Wa(v)+1,v) does not contain any vertex or edge in its interior.

If a(v) < b(v), as in Figure 3, redraw each biconnected component of Lj_
whose vertices different from v lie inside C(v) planarly so that it now lies outside
C(v); after this modification, no vertex of Ly_; lies inside C(v). Then define Gy,

as Gi—1 plus the vertex v and the edges wg(y)v, Wy (v)41V, - - -, Wy(p)v- Further,
construct Ly by drawing the edges among wq (,)v, Wa(v)41; - - -, Wp(y) v DOt in H
so that they all lie inside C(v) and so that the edges W)V, Wq(v) 41V, - - -, Wp(p)V

appear consecutively and in this counter-clockwise order around wv.



Wh(v)

Fig. 3: Construction for the case in which a(v) < b(v).

In both cases, it is easy to see that Hj is connected, G is 2-connected, and
Ly, satisfies Properties 1-4. See the Appendix for details.

If £ = n, the construction is similar to the one described for the case 2 < k <
n, however further edges are added to GG, so to ensure that the outer face of G,
is delimited by the 3-cycle (v1,va,v,). Setting G := G, concludes the proof. O

Lemma 2. For every k = 3,...,n and for every ¢ > 0, there exists a planar
straight-line drawing Iy of Gy such that: (1) the outer face of Iy is delimited
by the cycle Cy; further, the path Py, is x-monotone and lies above the edge uv,
except at u and v; and (2) the restriction =y of I'y to the vertices and edges of
Hy, is a drawing with spanning ratio smaller than 1+ €.

Proof sketch: The proof is by induction on k. The base case k = 3 is trivial.
Assume that, for some k = 4,...,n, a planar straight-
line drawing I';_1 of Gx_1 has been constructed satisfying
Properties 1 and 2; see Figure 4. Let 6 be the diameter of
a disk D enclosing I'y_1. We construct I from [}_q as
follows. Let Py_1 = (u = wy,wa,...,w, = v). As proved
n [25], the neighbors of vg in G_1 are the vertices in a
sub-path (wp, ..., wy) of Px_1, where p < ¢q. By Property 1
of I';—1, we have z(wp) < z(w,). We then place vy, at any
point in the plane satisfying the following conditions: (i)
x(wp) < x(vg) < x(wy); (ii) for every i =p,...,q — 1, the
y-coordinate of vy is larger than those of the intersection
points between the line through w;w;11 and the vertical
lines through w, and wgy; and (iii) the distance between
v and the point of D closest to vy is a real value d > %.

Since Pj is obtained from Pr_; by substituting the
path (wp, Wpt1,...,w,) with the path (w,, vk, w,), Condition (i) and the -
monotonicity of Pr_; imply that Pj is az-monotone. Condition (ii), the z-
monotonicity of Pi_1, and the planarity of I'y_; imply that Iy is planar. We now
prove that the spanning ratio of =} is smaller than 1+ e. Consider any two ver-
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lvivillz, — llvivjllz,_,
then ||vgv,|lz, > d, by Condition (iii). Consider the path P(vg,v;) composed
of any edge viv, in Hy, incident to vy (which exists since Hy is connected) and
of any path in Hy_1 between vy and v; (which exists since Hy_1 is connected).
The length of P(vy,v;) is at most d+6 (by Condition (iii) and by the triangular

Fig. 4: Construction
of I, from I},_1.

tices v; and v;. If ¢ < k and j < k, then



inequality, this is an upper bound on ||vgve|/z,) plus (k —2) -6 (this is an upper
7=y, (VE,v5) d+ks

Towollz, <~ 4 <I+te

This completes the induction and the proof of the lemma. O

bound on the length of any path in Hy_). Hence,

Lemmata 1 and 2 imply Theorem 4. Namely, for a connected planar graph
H, by Lemma 1 we can construct a maximal planar graph G that, by Lemma 2
(with k = n) and for every € > 0, admits a planar straight-line drawing whose
restriction to H is a drawing with spanning ratio smaller than 1 + .

The following can be obtained by means of techniques similar to (and simpler
than) the ones in the proof of Theorem 4; the proof is presented in the Appendix.

Theorem 5. For every € > 0, every connected graph admits a proper straight-
line drawing with spanning ratio smaller than 1 + €.

5 Drawings with Small Spanning and Edge-Length Ratios

In this section we study straight-line drawings with small spanning ratio and
edge-length ratio. Our main result is the following.

Theorem 6. For every e > 0 and every 7 > 0, every n-vertex graph with tough-

ness T admits a proper straight-line drawing whose spanning ratio is at most 1+4¢
logy (2+[2/€1)
and whose edge-length ratio is in O | nle2@F/7D-Te20+T1/7D - 1 /e |. Further, for

every 0 < 7 < 1, there is a graph G with toughness T whose every straight-line
drawing with spanning ratio at most s has edge-length ratio in 221/ (757)

In order to prove Theorem 6, we study straight-line drawings of bounded-
degree trees. This is because there is a strong connection between the toughness
of a graph and the existence of a spanning tree with bounded degree. Indeed, if
a graph G has toughness 7, then it has a spanning tree with maximum degree
[1/7]+2 [48]. Further, a tree has toughness equal to the inverse of its maximum
degree. We start by proving the following lower bound.

Theorem 7. For any s > 1, any straight-line drawing with spanning gatz'o at
most s of a tree with a vertex of degree d has edge-length ratio in 2°(#/57)

Proof: For any s > 1, let I" be any straight-line drawing of 7" with spanning
ratio at most s; refer to Figure 5(a). Let ur be a vertex of degree d. Assume
w.l.o.g. up to a scaling (which does not alter the edge-length ratio and the
spanning ratio of I') that the length of the shortest edge incident to up in I
is 1. For any integer ¢ > 0, let C; be the circle centered at ur whose radius is
r; = 2% Further, for any integer i > 0, let A; be the closed annulus delimited
by C;—1 and C;. By assumption, no neighbor of up lies inside the open disk
delimited by Cy. We claim that, for any integer ¢ > 0 and for some constant c,
there are at most c¢ - s? neighbors of up inside A;. This implies that at most
k - ¢ - s2 neighbors of uy lie inside the closed disk delimited by Cj. Hence, if
d>k-c-s? eg.,ifk= L‘Z;;j, then there is a neighbor vy of ur outside Cy.
Then |Jurvr| > 2F € 29(4/5*) Hence, the theorem follows from the claim.




Fig. 5: Illustration for the proof of Theorem 7.

It remains to prove the claim. For each neighbor u of ur inside A;, let A,
be a closed disk such that: (i) u lies inside A,; (i) A, lies inside A;; and (iii)
the diameter of A, is §; = 2°=2/s. The existence of A, can be proved as follows.
Consider the circle C,, whose antipodal points are the intersection points of
Ci—1 and C; with the ray from ur through u. Note that C,, lies inside A; and
has diameter 20~ > §; = 272 /5. Then A, is any disk with diameter §; that
contains u and that lies inside the closed disk delimited by C,,.

Suppose, for a contradiction, that there exist two neighbors v and v of up
inside A; such that the disks A, and A, intersect. Then 7r(u,v) > 2%, since

both the edges uur and vur are longer than r;_; = 2'~!. By the triangular
mr(u,v)
) . . o lluvlle )
ratio of I" is at most s. This contradiction proves that, for any two neighbors u

and v of ur inside A;, the disks A, and A, do not intersect. The area of A; is

- (r2 —r? ) =m- (2% —2%72) =37 - (2%72). Since each disk A, lying inside

A; has area 7 - (22°7¢/s%) and does not intersect any different disk A, it follows
2i—2 2

that A; contains at most %Tgs = 48 - 52 distinct disks A, and hence at

most 48 - s2 neighbors of uy. This proves the claim and hence the theorem. [J

inequality, [|uv||r < 2-6; = 2i71/s. Hence > 2s, while the spanning

Corollary 1. Let S be an n-vertez star. For any s > 1, any stmz’ghzt-line drawing
of S with spanning ratio at most s has edge-length ratio in 2°2("/s7)

The lower bound of Theorem 6 follows from Theorem 7 and from the fact
that a tree with maximum degree d has toughness 1/d. On the other hand, the
upper bound of Theorem 6 is obtained by means of the following.

Theorem 8. For every € > 0, every n-vertex tree T with mazximum degree d
admits a proper straight-line drawing such that no three vertices are collinear, the
spanning ratio is at most 1+¢, the distance between any two vertices is at least 1,

log (24 [2/<1)
and the width, the height, and the edge-length ratio are in O (n Toss (401 . 1/6) .

Theorem 8 proves the upper bound in Theorem 6 and hence concludes its
proof. Namely, let G be an n-vertex graph with toughness 7 and let € > O0;
then G has a spanning tree T' with maximum degree d = [1/7] + 2 [48]. Apply
Theorem 8 to construct a straight-line drawing I'; of T'. Construct a straight-line
drawing I'g of G from [t by drawing the edges of G not in T as straight-line
segments. Then I is proper, as no three vertices are collinear in Ip. Further,



the spanning ratio of I is at most the one of I, hence it is at most 1 + .
logo (24 [2/€])

Finally, the edge-length ratio of I'g is in O [ nles2(d/@-D) . 1/6), given that the

distance between any two vertices in It (and hence in ') is at least 1 and given
logy (2+[2/e1)

that the width and height of I'r (and hence of I') are in O (nbng(d_l)) : 1/e> .

We defer the proof of Theorem 8 to the Appendix and present a proof of
Theorem 9, in which it is shown that trees with bounded maximum degree even
admit planar straight-line drawings with constant spanning ratio and polyno-
mial edge-length ratio. The cost of planarity is found in the dependence on the
maximum degree, which is worse than in Theorem 8.

Theorem 9. For every € > 0, every n-vertex tree T with mazimum degree d
admits a planar straight-line drawing whose spanning ratio is at most 1 + € and

whose edge-length ratio is in O ((2n)2+(d_2)'1°g2(1+(%]) -logy n)

Proof sketch: Let v = [2]. If d < 2, then T is a path and the desired
drawing is trivially constructed. We can hence assume that d > 3. Root T at
any leaf r; this ensures that every vertex of T has at most d — 1 children. In
order to avoid some technicalities in the upcoming algorithm, we also assume
that every non-leaf vertex of T has at least two children. This is obtained by
inserting a new child for each vertex of T" with just one child; note that the size
of the tree, i.e., its number of vertices, is less than doubled by this modification.
We again call T the tree after this modification and by n its size.

Our construction is a “well-spaced” version of an algorithm by Shiloach [46].
We construct a planar straight-line drawing I" of T in which (i) r is at the top-
left corner of B(I'), and (ii) for every vertex u of T, the path from w to r in T
is (non-strictly) xy-monotone.

If n = 1, then I' is obtained by placing r at any point in the plane. If
n > 1, then let r1,..., 7 be the children of r, where k < d — 1, let Ty,..., T}
be the subtrees of T rooted at ri,...,7,, Whose sizes are ni,...,ng, respec-
tively. Assume, w.l.o.g. up to a relabeling, that ny < --- < ng; hence, n; < n/2
for ¢ = 1,2,...,k — 1. Refer to Figure 6. Place r at any point in the plane.
Inductively construct planar straight-line drawings IY,..., I} of T1,..., Tk, re-
spectively. Position I so that r; is on the same vertical line as r, one unit below
it; let dy be the width of I'y. Then, for i = 2,..., k, position I so that r; is one
unit below r and 7 - (d;—1 +1ogy 1) units to the right of the right side of B(I5_1);
denote by d; the width of the bounding box of the drawings I7,...,I;. Finally,
move [}, one unit above, so that r; is on the same horizontal line as r.

We now analyze the properties of I'. By construction I is a straight-line
drawing. The planarity of I" is easily proved by exploiting the fact that r; is at
the top-left corner of B(I;) and that 71,79, ...,7rx—1 all lie one unit below r.

Height. Let h(n) be the maximum height of a drawing of an n-vertex tree
constructed by the algorithm. The same analysis as in [46] shows that h(n) <
log, n, given that h(1) = 0 and h(n) < max{h(5) + 1,h(n — 1)} for n > 2.

Spanning ratio. We prove that, for any two vertices u and v that do not
belong to the same subtree Tj;, it holds true that mrlup) o %”2 This suffices

lwollr =
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Fig. 6: Inductive construction of I'. In this example k = 3.

to prove that the spanning ratio of I" is at most 2222, Suppose w.l.o.g. that
belongs to a subtree T; and v belongs to a subtree T}, with 7 < j.

First, we have ||uv|| > x, + - (dj—1 +1ogy n), where z,, denotes the distance
between v and the left side of B(I}), while the second term is the distance
between the left side of B(I;) and the right side of B(Ij_1).

Clearly, we have mp(u,v) = mp(u,r) + wp(r,v). The path between u and
r (between v and r) is zy-monotone, hence mp(u,r) (resp. mr(v,7)) is upper
bounded by the horizontal distance plus the vertical distance between u and r
(resp. between v and r). The vertical distance between u and r (between v and
r) is at most log,(n), since the height of I" is at most log,(n). The horizontal
distance between u and r is at most d; < d;_;, while the one between v and r
is ¢, + - (dj—1 +logyn) + dj_1. Hence, mp(u,v) < (dj—1 +1logyn) + (x, + 7 -
(dj1 +logy ) + dj_1 +logy ) = Ty + (v +2) - (d;_1 + logy m). Thus:

7r(u,v) (’Y+2)'(% +dj_1 +logyn) < ~y+2
Juollr =y (% +dj—1 +logyn)

<l+e

Width. Let wq, ..., ws be the widths of Iy, ..., I}. By construction, d; = w;
and, for each j = 2,...,k, we have d; = dj_1 + 7 - (dj—1 + logyn) + w; =
(y+1)-dj—1 +7-loggn + w;. Hence, by induction on j, we have d; = (v +
DI+ (y+ 1772 wa 4o+ (v 4+ 1) wimg Hw + (P 1) = 1) - logy
In particular, the width of I" is equal to dj and hence to:

k
S (v + DF T w) + (v 4+ 1) = 1) - logy . (1)

i=1
Let w(n) be the maximum width of a drawing of an n-vertex tree constructed

by the algorithm. By construction w(1) = 0. For n > 2, by Equality 1, we get:

k—1
w(n) < (y+ 172 Y w(ng) +wlm) + (v +1)47% - logy n. (2)

%

Recall that nq,...,n5—1 < n/2. On the other hand, ny might be larger than
n/2; if that is so, Inequality 2 is used to replace the term w(ny) into Inequality 2
itself. The repetition of this substitution eventually results in the following (see
the Appendix for details):

w(n) < (y+ 1)) wlngg) + (v + )2 (0 1) -logy m, 3)

.7



where the terms n; ; denote the sizes of distinct subtrees of T' (hence Y n;; <
n — 1), each of which has at most n/2 nodes (hence n; ; < n/2).
We prove, by induction on n, that w(n) < f(n) = ((v+ l)d_Q)Ingn :
- loggn. This is trivial when n = 1, given that w(l) = 0. Assume now
that n > 1. By Inequality 3 and by 1nduct10n we get w(n) < (y+ 1)4-2.
> (((7 +1)4= 2)10g2 g ni,j -log, nm-) +(y+1)472. (n—1)-logy n. Since n; ; <
.3
n/2 <n, we get w(n) < (y+ 1)4-2. ((’Y + 1)d_2)log2(n/2) .Zn?,j “logy 4 (7 +
2%

1)472.(n—1)-logyn = ((v + 1)‘1—2)10g2 nz n? ;-logy n4(y+1)472-(n—1)-logy n.
1/7-]

Since )" n; j < n—1, we have anj < (n—1)% Thus, w(n) < ((v + 1)‘1*2)10g2 "

i,
((n=1)%+ (n—1)) - logyn < ((v+1)7?)
induction and the analysis of the width of I".

Edge-length ratio. By construction, the length of each edge connecting r
to a child is larger than or equal to 1, hence the same is true for every edge of
T. Thus, the edge-length ratio of I" is upper bounded by the maximum length
of an edge of T'. In turn, this is at most the sum of the height plus the width

of I', which is in O (((7 + 1)‘1_2)108;2 " n? . log, n), as proved above. The factor
((v+ 1)d72)log2 " can be rewritten as n(4=2)1°82(y+1) The bound claimed in the

statement is then obtained by substituting v = f%] and by observing that the
value of n used in the calculations is at most twice the size of the initial tree. O

log, 1

n? -logy n. This completes the

6 Open Problems

Our research raises a number of open problems which might be worth studying.
First, it would be interesting to tighten the bounds in Theorem 6 relating the
toughness to the edge-length ratio of a drawing with constant spanning ratio.
Second, there is still much to be understood about the edge-length ratio of
planar straight-line drawings with constant spanning ratio. Theorem 9 shows
that planar straight-line drawings with constant spanning ratio and polynomial
edge-length ratio exist for bounded-degree trees. We also observe that every n-
vertex 2-connected outerplanar graph G admits a planar straight-line drawing
with spanning ratio at most v/2 and edge-length ratio in O(n'®); this can be
achieved by placing the vertices of G, in the order given by the Hamiltonian
cycle of G, at the vertices of a lattice zy-monotone polygonal curve; see, e.g., [2].
Further, Schnyder drawings are known to be 2-spanners [12]. Hence, n-vertex
3-connected planar graphs admit planar straight-line drawings with spanning
ratio at most 2 and edge-length ratio in O(n) [10,45]; do they admit planar
straight-line drawings with spanning ratio smaller than 2 (and possibly arbitrar-
ily close to 1) and polynomial edge-length ratio? Can Theorem 6 be extended
to prove that a planar straight-line drawing with constant spanning ratio and
polynomial edge-length ratio exists for planar graphs with bounded toughness?
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Abstract. We study the problem of embedding graphs in the plane as good geometric spanners. That
is, for a graph G, the goal is to construct a straight-line drawing I" of G in the plane such that, for
any two vertices v and v of GG, the ratio between the minimum length of any path from u to v and the
FEuclidean distance between u and v is small. The maximum such ratio, over all pairs of vertices of G,
is the spanning ratio of I'.

First, we show that deciding whether a graph admits a straight-line drawing with spanning ratio 1, a
proper straight-line drawing with spanning ratio 1, and a planar straight-line drawing with spanning
ratio 1 are NP-complete, IR-complete, and linear-time solvable problems, respectively, where a drawing
is proper if no two vertices overlap and no edge overlaps a vertex.

Second, we show that moving from spanning ratio 1 to spanning ratio 1 + € allows us to draw every
graph. Namely, we prove that, for every € > 0, every (planar) graph admits a proper (resp. planar)
straight-line drawing with spanning ratio smaller than 1 + e.

Third, our drawings with spanning ratio smaller than 1 + € have large edge-length ratio, that is, the
ratio between the length of the longest edge and the length of the shortest edge is exponential. We
show that this is sometimes unavoidable. More generally, we identify having bounded toughness as the
criterion that distinguishes graphs that admit straight-line drawings with constant spanning ratio and
polynomial edge-length ratio from graphs that require exponential edge-length ratio in any straight-line
drawing with constant spanning ratio.

1 Introduction

Let P be a set of points in the plane and let G be a geometric graph whose vertex set is P. We say that
G is a t-spanner if, for every pair of points p and ¢ in P, there exists a path from p to ¢ in G whose total
edge length is at most ¢ times the Euclidean distance ||pq| between p and g. The spanning ratio of G is the
smallest real number ¢ such that G is a t-spanner. The problem of constructing, for a given set P of points
in the plane, a sparse (and possibly planar) geometric graph whose vertex set is P and whose spanning ratio
is small has received considerable attention; see, e.g., [12,13,14,18,21,23,39]. We cite here the fact that the
Delaunay triangulation of a point set has spanning ratio at least 1.593 [52] and at most 1.998 [51], and refer
to the survey of Bose and Smid [15] for more results.

In this paper we look at the construction of geometric graphs with small spanning ratio from a different
perspective. Namely, the problem we consider is whether it is possible to embed a given abstract graph in

* This project has received funding from the European Union’s Horizon 2020 research and innovation programme
under the Marie Sklodowska-Curie grant agreement No 734922, the Natural Sciences and Engineering Research
Council of Canada, and by MIUR Projects “MODE” under PRIN 20157EFM5C and “AHeAD” under PRIN
20174LF3T8.



the plane as a geometric graph with small spanning ratio. That is, for a given graph, we want to construct
a straight-line drawing with small spanning ratio, where the spanning ratio of a straight-line drawing is the
maximum ratio, over all pairs of vertices u and v, between the total edge length of a shortest path from
to v and |Juv]|.

Graph embeddings in which every pair of vertices is connected by a path satisfying certain geometric
properties have been the subject of intensive research. As the most notorious example, a greedy drawing of
a graph [5,7,19,24,31,36,40,42,43,49] is such that, for every pair of vertices u and v, there is a path from u
to v that monotonically decreases the distance to v at every vertex. More restricted than greedy drawings
are self-approaching and increasing-chord drawings [3,20,41]. In a self-approaching drawing, for every pair
of vertices u and v, there is a self-approaching path from u to v, i.e., a path P such that |lac| > ||bc|,
for any three points a, b, and ¢ in this order along P; in an increasing-chord drawing, for every pair of
vertices u and v, there is a path from w to v which is self-approaching both from v to v and from v to
u. Even more restricted are angle-monotone drawings [10,20,37] in which, for every pair of vertices u and
v, there is a path from u to v such that the angles of any two edges of the path differ by at most 90°.
Finally, monotone drawings [4,6,29,30,32,35] and strongly-monotone drawings [4,25,35] require, for every
pair of vertices v and v, that a path from u to v exists that is monotone with respect to some direction
or with respect to the direction of the straight line through u and v, respectively. While greedy, monotone,
and strongly-monotone drawings might have unbounded spanning ratio, self-approaching, increasing-chord,
and angle-monotone drawings are known to have spanning ratio at most 5.34 [33], at most 2.1 [44], and at
most 1.42 [10], respectively. However, not all graphs, and not even all trees [36,40], admit self-approaching,
increasing-chord, or angle-monotone drawings.

Our results are the following.

— First, we look at straight-line drawings with spanning ratio equal to 1, which is clearly the smallest
attainable value by any graph. We prove that deciding whether a graph admits a straight-line drawing,
a proper straight-line drawing (in which no vertex-vertex or vertex-edge overlaps are allowed), and
a planar straight-line drawing with spanning ratio 1 are NP-complete, dR-complete, and linear-time
solvable problems, respectively.

— Second, we show that allowing each shortest path to have a total edge length slightly larger than the
Euclidean distance between its end-vertices makes it possible to draw all graphs. Namely, we prove that,
for every € > 0, every graph admits a proper straight-line drawing with spanning ratio smaller than 1+ €
and every planar graph admits a planar straight-line drawing with spanning ratio smaller than 1 + e.

— Third, we address the issue that our drawings with spanning ratio smaller than 14 € have poor resolution.
That is, the edge-length ratio of these drawings, i.e., the ratio between the lengths of the longest and of
the shortest edge, might be super-polynomial in the number of vertices of the graph. We show that this
is sometimes unavoidable, as stars have exponential edge-length ratio in any straight-line drawing with
constant spanning ratio. More in general, we show that there exist graph families such that any straight-
line drawing with constant spanning ratio has edge-length ratio which is exponential in the inverse of
the toughness. On the other hand, we prove that graph families with constant toughness admit proper
straight-line drawings with polynomial edge-length ratio and constant spanning ratio. Finally, we prove
that trees with bounded degree admit planar straight-line drawings with polynomial edge-length ratio
and constant spanning ratio.

2 Preliminaries

For a graph G and a set S of vertices of GG, we denote by G — S the graph obtained from G by removing
the vertices in S and their incident edges. The subgraph of G induced by S is the graph whose vertex set
is S and whose edge set consists of every edge of G that has both its end-vertices in S. For a vertex v, a
{v}-bridge of G is the subgraph of G induced by v and by the vertices of a connected component of G — {v}.
The toughness of a graph G is the largest real number ¢ > 0 such that, for every integer £ > 2, G cannot be
split into k connected components by the removal of fewer than ¢ - k vertices; that is, for any set S such that
G — S consists of k > 2 connected components, we have |S| >t - k.



A drawing of a graph maps each vertex to a distinct point in the plane and each edge to a Jordan arc
between its end-vertices. A drawing is straight-line if it maps each edge to a straight-line segment. Let I" be a
straight-line drawing of a graph G. The length of a path in I" is the sum of the lengths of its edges. We denote
by [|uv||r (by 7 (u,v)) the Euclidean distance (resp. the length of a shortest path) between two vertices u

and v in I'; we sometimes drop the subscript I" when the drawing we refer to is clear from the context. The
mr(u,v)
lluvllr

spanning ratio of I' is the real value max , where the maximum is over all pairs of vertices v and v
u,v

of G.

A drawing is planar if no two edges intersect, except at common end-vertices. A planar drawing partitions
the plane into connected regions, called faces; the bounded faces are internal, while the unbounded face is
the outer face. A graph is planar if it admits a planar drawing. A planar graph is maximal if adding any
edge to it violates its planarity. In any planar drawing of a maximal planar graph every face is delimited by
a 3-cycle.

The bounding box B(I") of a drawing I" is the smallest axis-parallel rectangle containing I" in the closure
of its interior. We denote by By(I") and B, (I") the left and right side of B(I"), respectively. The width and
height of I' are the width and height of B(I").

3 Drawings with Spanning Ratio 1

In this section we study straight-line drawings with spanning ratio equal to 1. We characterize the graphs that
admit straight-line drawings, proper straight-line drawings, and planar straight-line drawings with spanning
ratio equal to 1 and, consequently, derive results on the complexity of recognizing such graphs. We start
with the following.

Lemma 1. A graph admits a straight-line drawing with spanning ratio equal to 1 if and only if it contains
a Hamiltonian path.

Proof: (=) Suppose that a graph G admits a straight-line drawing I" with spanning ratio 1. Assume,
w.l.o.g. up to a rotation of the Cartesian axes, that no two vertices of G have the same z-coordinate in I

Let vy, v9,...,v, be the vertices of G, ordered by increasing x-coordinates. Then, for i = 1,2,...,n — 1,
we have that G contains the edge v;v; 11, as otherwise any path between v; and v;41 would be longer than
|lv;vit1]|. Hence, G contains the Hamiltonian path (v1,va,...,v,).

(«<=) A straight-line drawing with spanning ratio 1 of a graph containing a Hamiltonian path (vq, v, ..., vy)
can be constructed by placing v; at (¢,0), for i =1,...,n. ]

Theorem 1. Recognizing whether a graph admits a straight-line drawing with spanning ratio equal to 1 is
an NP-complete problem.

Proof: The theorem follows by Lemma 1 and from the fact that deciding whether a graph contains a
Hamiltonian path is an NP-complete problem [27,28]. |

A graph G is a point visibility graph if there exists a finite point set P C R? such that: (i) G has a vertex
for each point in P; and (ii) G has an edge between two vertices if and only if the straight-line segment
between the corresponding points does not contain any point of P in its interior; see [9, Chapter 15]. We
have the following.

Lemma 2. A graph admits a proper straight-line drawing with spanning ratio equal to 1 if and only if it is
a point visibility graph.

Proof: (=) Suppose that a graph G admits a proper straight-line drawing I with spanning ratio 1.
Let v be the point at which a vertex v of G is drawn in I'. Let P := {vr € R%Jv € V(G)} and let Gp be
the point visibility graph of P. We claim that an edge uv belongs to G if and only if the edge urvr belongs
to Gp; the claim implies that Gp is isomorphic to G and hence that G is a point visibility graph. First, if uv



belongs to GG, then I contains the straight-line segment u;v. Since I is proper, no vertex of G lies in the
interior of wrvr, hence Gp contains the edge urvy. Conversely, if Gp contains the edge urvy, then no point
in P lies in the interior of the straight-line segment wrvr. Hence, the edge uv belongs to G, as otherwise the
length of any path between u and v would be larger than |Juv||p.

(<=) Suppose that a graph G is the visibility graph of a point set P. For any point p € P, let v, be the
corresponding vertex of G. Let I" be the straight-line drawing of G that maps each vertex v, to the point
p. Consider any edge v,v, of G. No vertex v, lies in the interior of the straight-line segment pg in I, as
otherwise v,v, would not belong to Gj it follows that I" is proper. Further, consider any two vertices v, and

vy of G and let v, = vy, Vp,, ..., v, = vy be the sequence of vertices of G lying on the straight-line segment
pg in I', ordered as they occur from p to g. Then G contains the path (v, = vy, Vp,y, ..., v, = vq), Whose
length in I' is ||vpv,|| r. It follows that the spanning ratio of I" is 1. O

The existential theory of the reals problem asks whether real values exist for n variables such that a
quantifier-free formula, consisting of polynomial equalities and inequalities on such variables, is satisfied.
The class of problems that are complete for the existential theory of the reals is denoted by IR [45]. It is
known that NP C 3R C PSPACE [16], however it is not known whether IR C NP. Many geometric problems
are JR-complete, see, e.g., [1,38].

Theorem 2. Recognizing whether a graph admits a proper straight-line drawing with spanning ratio equal
to 1 is an dR-complete problem.

Proof: The theorem follows by Lemma 2 and from the fact that recognizing point visibility graphs is a
problem that is IR-complete [17]. O

We conclude the section by presenting the following.

Theorem 3. Recognizing whether a graph admits a planar straight-line drawing with spanning ratio equal
to 1 is a linear-time solvable problem.

Fig. 1: The five graph classes defined in [22].

Proof: Dujmovi¢ et al. [22] characterized the graphs that admit a planar straight-line drawing with a
straight-line segment between every two vertices as the graphs in the five graph classes in Figure 1. Since a
straight-line drawing has spanning ratio 1 if and only if every two vertices are connected by a straight-line
segment, the theorem follows from the fact that recognizing whether a graph belongs to such five graph
classes can be easily done in linear time. a

4 Drawings with Spanning Ratio 1 + €

In this section we study straight-line drawings with spanning ratio arbitrarily close to 1. Most of the section
is devoted to a proof of the following result.

Theorem 4. For every e > 0, every connected planar graph admits a planar straight-line drawing with
spanning ratio smaller than 1 + €.



Let G be an n-vertex maximal planar graph with n > 3, let G be a planar drawing of G, and let (u, v, 2)
be the cycle delimiting the outer face of G in G. A canonical ordering [8,26,34] for G is a total ordering
oG = [v1,V2,...,0,] of its vertex set such that the following hold for k = 3,...,n: (i) v1 = u, v2 = v, and
vn, = z; (ii) the subgraph Gy of G induced by v1, v, ..., v is 2-connected and the cycle Cj delimiting its
outer face in G consists of the edge v1vo and of a path Py, between v; and vy; and (iii) vy is incident to the
outer face of G in G. Theorem 4 is implied by the following two lemmata.

Lemma 3. Let H be any n-vertex connected planar graph. There exist an n-vertex mazximal planar graph G
and a canonical ordering oG = [v1,V2,...,vy]| for G such that, for each k € {1,2,...,n}, the subgraph H},
of H induced by [v1,ve,...,vg] is connected.

Proof: For k = 2,3,...,n, let Gy be the subgraph of GG induced by v, vs, ..., v, and let Ly be the graph
composed of Gy, and of the vertices and edges of H that are not in Gy.

For each k = 2,3,...,n, we define vy, v, ...,v; and G so that Hj is connected, Gy is 2-connected, and
Lj, admits a planar drawing L such that:

1. the outer face of the planar drawing G of G}, in Ly is delimited by a cycle Cx, composed of the edge v1vg
and of a path P, between vy and vs;

. vy is incident to the outer face of Gy;

. every internal face of Gy is delimited by a 3-cycle; and

4. the vertices and edges of H that are not in Gy, lie in the outer face of Gy.

W N

If k£ = 2, then construct any planar drawing Lo of H and define v; and vy as the end-vertices of any edge
v1v9 incident to the outer face of Ly. Properties 1-4 are then trivially satisfied (in this case the path Py is
the single edge vivs).

If 2 < k < n, assume that v1,vs,...,v5_1 and Gi_1 have been defined so that Hy_; is connected, Gj_1
is 2-connected, and Ly_; admits a planar drawing L£;_; such that Properties 1-4 above are satisfied. Let
Pr—1 = (u=wi,ws,...,w, =v), where x > 2.

Consider any vertex v that is in Ly_1 and that is not in Gi_1. By Properties 1 and 4 of £;_1, all the
neighbors of v in Gi_1 lie in Pr_1. We say that v is a candidate (to be designated as vy) vertex if, for some
1 <4 < x, there exists an edge w;v such that w;v immediately follows the edge w;w;_1 in clockwise order
around w; or immediately follows the edge w;w;+1 in counter-clockwise order around w;; see Figure 2.

Fig.2: The drawing L;_; of Ly_1, where the interior of G;_; is colored gray. Each candidate vertex is
represented by a square and labeled with its depth.

For each candidate vertex v, let wq(,) and wy(,) be the neighbors of v in Py_; such that a(v) is minimum
and b(v) is maximum (possibly a(v) = b(v)). If a(v) < b(v), define the reference cycle C(v) of v as the
cycle composed of the edges wg(,)v and wy(, v and of the subpath of Py_1 between w, (. and wy,). Define
the depth d(v) of v as 0 if a(v) = b(v) or as the number of candidate vertices that lie inside C(v) in Lx_1
otherwise.

We claim that there exists a candidate vertex with depth 0. Consider a candidate vertex v with minimum
depth and assume, for a contradiction, that d(v) > 0; then there exists a candidate vertex u that lies inside



C(v) in Lg_1. By the planarity of £;_1, the candidate vertices that lie inside C(u) form a subset of those that

lie inside C(v); moreover, there is at least one candidate vertex, namely u, that lies inside C(v) and not inside

C(u), hence d(u) < d(v). This contradicts the assumption that v has minimum depth and proves the claim.
Consider a candidate vertex v with d(v) = 0. We let v;, := v and distinguish two cases.

Fig.3: (a) A candidate vertex v with d(v) = 0 and a(v) = b(v). (b) The drawing L; of Lj obtained by
drawing the edge wg(y)41v in Li_1.

If a(v) = b(v), assume that w,(,)v immediately follows the edge wq(y)Wa(v)+1 in counter-clockwise order
around w,(,), the other case is symmetric; refer to Figure 3. Define G, as Gx—1 plus the vertex v and the
edges wy(y)v and wg(y)41v. Then Hy is connected because Hy—1 is connected and the edge wq(,)v belongs to
H. Further, Gy, is 2-connected because G _1 is 2-connected and v is adjacent to two distinct vertices of Gj_1.
Define £ by drawing the edge wg(y)4+1v so that the cycle (wq(w), Wa(v)+1,v) does not contain any vertex or
edge in its interior. Property 1 is satisfied by £ with Pr = (u = w1, w2, ..., Wa(v), Vs Wa(v)+15 - - - » Wa = V);
note that v has no neighbor in G, other than w,(,) and wg ()41, since a(v) = b(v). Property 2 is satisfied by
Ly, since L1 satisfies Property 4 and by construction. Since the cycle (wq(v), Wa(v)+1, v) does not contain any
vertex in its interior and since Ly _1 satisfies Properties 3 and 4, it follows that £ also satisfies Properties 3
and 4.

Fig.4: (a) A candidate vertex v with d(v) = 0 and a(v) < b(v). (b) The drawing L; of Lj obtained by
moving out of C(v) each {v}-bridge of Ly_; whose vertices different from v lie inside C(v) and by drawing
the edges among we(y)V, Wa(v)41V; - - - , Wh(y)410 N0t in H planarly inside C(v).

Next, we consider the case in which a(v) < b(v); refer to Figure 4. We claim that the only edges incident
to vertices in the path (wq(y); Wa(v)+1--->Wh(v)) and lying inside C(v) in Ly_1 are those connecting such
vertices to v. Suppose, for a contradiction, that an edge w;u with u # v lies inside C(v). If a(v) < i < b(v),
then there exists an edge w;z with z # v that immediately follows w;w;_; in clockwise order around w;
or that immediately follows w;w;+1 in counter-clockwise order around w;; hence, z is a candidate vertex.
Further, by the planarity of £i_1, we have that w;z lies inside C(v), except at w;, however this contradicts
d(v) = 0. The proof for the cases in which i = a(v) or i = b(v) is analogous.

It follows from the previous claim that v is the only vertex of C(v) which might have incident edges that
lie inside C(v) in L£;_1 and that have one end-vertex not in C(v). We redraw each {v}-bridge of L;_; whose



vertices different from v lie inside C(v) planarly so that it now lies outside C(v); after this modification, no
vertex of Lj_; lies inside C(v).

Define Gy as Gg—1 plus the vertex v, := v and the edges wg(y)V, Wy (v)41V,- -, Wy(p)v- Then Hy is
connected, because Hy_1 is connected and the edge wq(,)v belongs to H. Further, Gy, is 2-connected, because
G is 2-connected and v is adjacent to at least two distinct vertices of Gj_1. Define £, by drawing the edges
AMONE W (y)V, Wa(y)+1Y; - - - Wh(y)¥ that do not belong to H so that they all lie inside C(v), except at their end-
vertices, and so that the edges wg )V, Wa(p)417; - - - ; Wp(»)v appear consecutively and in this counter-clockwise
order around v. Property 1 is satisfied by L with P = (u = w1, ws, . .., Wa(v), UV, Wh(v), Wp(v)+15 - - - » Wz = V).
Property 2 is satisfied by £ by construction and since L£j_; satisfies Property 4. Every internal face of Ly
that is not an internal face of £;_ is delimited by a 3-cycle (w;, w;y1,v), for some a(v) < i < b(v); hence
L}, satisfies Property 3 since L1 does. Finally, £}, satisfies Property 4 since every vertex or edge of H that
is not in Gy, lies outside Gi_; since L1 satisfies Property 4 and lies outside C(v) by construction.

If k = n, the construction slightly differs from the one described for the case 2 < k < n, as we also require
that the outer face of G, is delimited by the 3-cycle (v1, ve, vy,). Hence, if a(v) = b(v) (resp. if a(v) < b(v)),
then G, also contains the edges w1v, wav, ..., Wa(v)—1V, Wa(v)4+2V; Wa(e)43V, - - -, W0 (resp. the edges wyv,
WV, ...y Wa(p)—1Vs Wh(p)41Vs Wh(p)42V, - - -, Wyv); further, the edges wiv, wov, ..., w,v are drawn in L, in
such a way that they appear in this counter-clockwise order around v, and so that the outer face of L,, is
delimited by the 3-cycle (w; = vy, w, = v2,v = v,). The proof that £, satisfies Properties 1-4 is similar,
and in fact simpler, than the one described above.

The above construction implies the statement of the lemma. Namely, Hy is connected for k = 3,4,...,n.
Further, G is a maximal planar graph by Property 3 and by the additional requirement for the case k = n.
We now prove that [vq,vs,...,v,] is a canonical ordering for G. By Properties 1 and 2 of £,,, we have that
v1, V2, and v,, are incident to the outer face of L,,; further, for kK = 3,4, ...,n, we have that GG, is 2-connected
and its outer face in Gy, is delimited by the edge vyv2 and by a path Py between v, and vs, by Property 1 of
Ly; finally, vy is incident to the outer face of Gy for k = 3.4, ...,n, by Property 2 of L. |

Lemma 4. For every k =3,...,n and for every e > 0, there exists a planar straight-line drawing Iy, of Gy,
such that:

1. the outer face of I, is delimited by the cycle Cy; further, the path Py is x-monotone and lies above the
edge uv, except at u and v; and

2. the restriction =y of Iy to the vertices and edges of Hy is a drawing with spanning ratio smaller than
1+e.

Proof: The proof is by induction on k. If k = 3, then a planar straight-line drawing I's of G5 is constructed
by drawing the 3-cycle vjvavs as an isosceles triangle in which vyv9 is horizontal and has length €/2, while
v1v3 and vovs have length 1, with v3 above the edge v1v5. By Lemma 3, the graphs Hs and Hg are connected,
hence the edge v1v2 belongs to them and at least one of the edges vyvs and vevs belongs to Hs. Hence, we
have Tv2) — lwval — 1 < 1 4 ¢ Further, Z02%) < max{||vyvs|, [[v1va]| + lv2vs|} = 1+ €¢/2 < 1+

lvrvz]| lvrvz]| llvrvs]]
Analogously, ﬁfgjﬂ:ﬂ) <l+e
Now assume that, for some k = 4, ..., n, a planar straight-line drawing I';_; of Gi_1 has been constructed
satisfying Properties 1 and 2; refer to Flgure 5. Let § be the diameter of a disk D containing I in its
interior. We construct I} from I';,_1 by placing vy, in the plane as follows. Let Pr_1 = (u = w1y, wa, ..., Wy =
v). As proved in [26], the neighbors of v in G_1 are the vertices in a sub-path (wp, Wpt1, ..., wq) of Pr_1,

where 1 < p < g < z. By Property 1 of I';_1, we have z(wp) < z(wpt1) < -+ < z(wy). We then place vy
at any point in the plane such that the following conditions are satisfied: (i) x(wp) < z(vi) < z(wg); (i)
for every i = p,...,q — 1, the y-coordinate of vy is larger than the y-coordinates of the intersection points
between the line through w;w; 41 and the vertical lines through w, and w,; and (iii) the distance between vy,
and the point of D closest to vy is a real value d > ’%‘s

Since Py is obtained from Pj_; by substituting the path (wp, wpt1,...,w,) with the path (wp, vk, wg),
Condition (i) and the z-monotonicity of Pr_1 imply that Pj is z-monotone. Since I';_; is planar, in order
to prove the planarity of I it suffices to prove that no edge incident to vy intersects any distinct edge of



Fig. 5: Construction of Iy from [} _1.

Gy, except at common end-vertices. Condition (ii) implies that the edges incident to vy lie in the outer face
of I';_1, hence they do not intersect any edge of Gj_1, except at common end-vertices. Again Condition (ii)
and the z-monotonicity of Pr_; imply that no two edges incident to vy intersect each other, except at vi. We
now prove that the spanning ratio of =}, is smaller than 1 + €. Consider any two vertices v; and v;. If ¢ < k

ralit) o TR (00 g g 1f i = k, then [luguy]l=, > d, by Condition (iii). Consider
iVjll=y iVillEg 1

the path P(vg, vj) composed of any edge vive in Hy, incident to vy (which exists since Hy, is connected) and
of any path in Hj_; between v, and v; (which exists since Hy_q is connected). The length of P(vy,v;) is
at most d+ 0 (by Condition (iii) and by the triangular inequality, this is an upper bound on |lvgve| =, ) plus

m=, (Vi,v5) d+ks
Tz, <4 <1te
This completes the induction and the proof of the lemma. O

and j < k, then

(k —2) -6 (this is an upper bound on the length of any path in Hy_1). Hence,

Lemmata 3 and 4 imply Theorem 4. Namely, for any connected planar graph H, by Lemma 3 we can
construct a maximal planar graph G that, by Lemma 4 (with &k = n) and for every € > 0, admits a planar
straight-line drawing whose restriction to the vertices and edges of H is a drawing with spanning ratio smaller
than 1 +e.

The following can be obtained by means of techniques similar to (and simpler than) the ones employed
in the proof of Theorem 4.

Theorem 5. For every € > 0, every connected graph admits a proper straight-line drawing with spanning
ratio smaller than 1 + €.

Proof: Consider any n-vertex graph G and let T be any spanning tree of G. Let v1,vs,...,v, be any
total ordering for the vertex set of T' such that the subtree T} of T induced by vy, vs, ..., v, is connected,
foreach Kk =1,2,...,n.

For k =1,2,...,n, we construct a straight-line drawing [y of T} with spanning ratio smaller than 1 + €
and such that no three vertices lie on a straight line. If £ = 1, then I3 is constructed by placing v; at
any point in the plane. Now assume that a straight-line drawing Ix_1 of Tx_; has been constructed with
spanning ratio smaller than 1+ ¢ and such that no three vertices lie on a straight line. Let § be the diameter
of a disk D containing I;_1 in its interior. We construct I from [;_; by placing v, at any point in the
plane such that: (1) vy does not lie on any straight line through two vertices of Ty_1; and (2) the distance
between v, and the point of D that is closest to vy is a real value d > k—j.

By Property (1), no three vertices lie on a straight line in I'y,. We prove that the spanning ratio of Iy is
Ty (Vi,v; Ty, _ (U117Uj)
e < Tt < 1e

If i = k, then ||vgv;||n, > d, by Property (2). Further, wr, (vi, v;) is at most d 4+ 0 (by Property (2) and by

smaller than 14-€. Consider any two vertices v; and v;. If i < k and j < k, then



the triangular inequality, this is an upper bound on the length of the edge of T}, incident to vy) plus (k—2)-6
mry, (Vk,v5) d+ks§
TonvslTry, <EEL 1+e
A drawing I of G is obtained from the drawing I3, of T = T,, by drawing the edges that are not in T’
as straight-line segments. Then I" is proper, as no three vertices of T lie on a straight line in I',, and has

spanning ratio smaller than 1 + €, as the same is true for I5,. O

(this is an upper bound on the length of any path in Ty_;). Hence,

5 Drawings with Small Spanning Ratio and Edge-Length Ratio

In this section we study straight-line drawings with small spanning ratio and edge-length ratio. Our main
result is the following.

Theorem 6. For everye >0 and 7 > 0, every n-vertex graph with toughness T admits a proper straight-line
logy (2+[2/¢])
drawing whose spanning ratio is at most 1+€ and whose edge-length ratio is in O R T T/ —Tokp LTI/ 1/e

Further, for every 0 < T < 1, there is a graph G with toughnessQT such that every straight-line drawing
of G with spanning ratio at most s has edge-length ratio in 220/ (757),

In order to prove Theorem 6, we study straight-line drawings of bounded-degree trees. This is because
there is a strong connection between the toughness of a graph and the existence of a spanning tree with
bounded degree. Indeed, if a graph G has toughness 7, then it has a spanning tree with maximum degree
[1/7]+2 [50]. Further, a tree has toughness equal to the inverse of its maximum degree. We start by proving
the following upper bound.

Theorem 7. For every € > 0, every n-vertex tree T with maximum degree d admits a proper straight-line
drawing such that no three vertices are collinear, the spanning ratio is at most 1+ €, the distance between any

loga (24 [2/¢1)
two wvertices is at least 1, and the width, the height, and the edge-length ratio are in O (n sy (411 . 1/6).

Proof: Let v = f%l Root T' at any vertex r. For any two vertices p and ¢ of T', let P,, be the path in
T from p to q. We prove that, for an arbitrary real value n > 0, T admits a proper straight-line drawing
I" that, in addition to the properties in the statement of the theorem, satisfies the following: (1) r is at the
top-left corner of B(I"); (2) for every vertex z of T, the path P,, monotonically decreases in the z-direction
and monotonically increases in the y-direction from z to r; and (3) the height of I is at most 7.

If n =1, then I' is obtained by placing r at any point in the plane. If n > 1, then there exists an edge uv
whose removal separates T into two trees T and 15, each with at most %n vertices [48]. Assume, w.l.o.g.,
that 77 contains r and u, while 75 contains v. Then T} is rooted at r and T is rooted at v. Inductively
construct proper straight-line drawings Iy and Iy of Ty and T, respectively, with parameter 7/3 satisfying
Properties 1-4. Let w; and ws be the widths of I'y and I, respectively. Refer to Figure 6.

Ty O,li n/3+9

— \v—

v (w1 +n+1) Ty

w2

Fig. 6: Illustration for the construction in Theorem 7.

Translate Iy so that r lies at (0, 0). Further, translate I so that v lies at (wy +~v- (w1 +n+1),—n/3—47),
where 0 < 0 < n/3 is a real value chosen so that no line through two vertices in the same tree T;, with

)



i € {1,2}, overlaps a vertex in the tree T}, with j € {1,2} and j # i. Note that, since I} and I, are proper
and since B(I) and B(I3) are disjoint, there are finitely many values of ¢ for which the line through two
vertices in a tree T; overlaps a vertex in a different tree T}, hence such a value ¢ always exists.

We now analyze the properties of I'. By construction, I" is a straight-line drawing of 7.

By induction, no three vertices are collinear in each of Iy and I's; further, by construction, I'y and I are
arranged so that no line through two vertices in the same tree T;, with ¢ € {1,2}, overlaps a vertex in the
tree Tj, with j € {1,2} and j # i. Hence, no three vertices are collinear in I', and in particular. I" is proper.

Property (1) is satisfied by I" given that r is at the top-left corner of B(I), by induction, and given that
every vertex of T, lies to the right and below r in I', by construction.

In order to prove that I' satisfies Property (2), consider any vertex z of T'. If z belongs to T3, then P,,
monotonically decreases in the z-direction and monotonically increases in the y-direction from z to r, since
I'y satisfies Property (2). If z belongs to Ts, then P,, is composed of the path P,,, of the edge vu, and of
the path P,,.. The paths P,, and P,,, monotonically decrease in the z-direction and monotonically increase
in the y-direction from z to v and from wu to r, respectively, since Iy and I satisfy Property (2). Further,
the z-coordinate of u is smaller than the one of v and the y-coordinate of u is larger than the one of v; the
latter follows from the fact that every vertex of 77 has y-coordinate in [—7/3,0], while every vertex of Th
has y-coordinate smaller than —7/3.

The height of I" is at most 21/3 + §, which is smaller than 7, hence I" satisfies Property (3).

We now discuss the spanning ratio of I". We prove that, for any vertex w of T} and any vertex z of
T5, it holds true that T]‘I;U(ghi) < WTH This suffices to prove that the spanning ratio of I" is at most %rz,
since the drawings of 17 and 75 in I" are the ones inductively constructed by the algorithm. The distance
between w and z is larger than or equal to 7 - (wy +n + 1) + z,, where 7 - (w1 + 7 + 1) is the horizontal
distance between B,.(I71) and B;(I%), while x, denotes the distance between B;(I%) and z. Clearly, we have
mr(w,z) = wp(w,r)+7r(z,7). The path P, is monotone in the z- and y-directions, hence mp(w,r) is upper
bounded by the horizontal distance between w and r, which is at most wy, plus the vertical distance between
w and r, which is at most 1/3. Analogously, 7y (z,r) is upper bounded by the horizontal distance between
z and r, which is w; + - (w1 + 7+ 1) + z., plus the vertical distance between z and r, which is at most 7.
Hence, np(w,2) < (y+2) - (w1 +n+ 1) + z,. Thus:

mr(u,v) (Y +2)- (w1 +n+1+ %) PR
[uvllr Yo(wi+n+1l+2) T o
Finally, we analyze the edge-length ratio of I'. Note that the distance between any vertex of T and any
vertex of Ts is larger than 1, hence the same is true for every pair of vertices of T'. In particular, the length of
every edge is larger than 1. Thus, the edge-length ratio of I" is upper bounded by the maximum length of an
edge of T. In turn, this is at most the height plus the width of I". By Property (3), the height of I" is at most
7. By construction, the width of I" is equal to w; +7- (w1 +n+1)+ws. Denote by w(n) the maximum width of
a drawing of an n-vertex tree constructed by the above algorithm. Since each of T3 and T, has at most %n
vertices, we get that w(n) < (y42)- (w(%2n)+n+1). Repeatedly substituting this inequality into itself and
lo ;. (n
recalling that w(n) = 0 forn < 1, we get w(n) < (14n)-(y+2)+(1+n)-(v+2)%+- - -+(1+T])'(’Y+2)[ 8ty (] <

log 4 (n)+1 logo (v+2) .
(1+n)~§—ﬁ-(y+2) T = (1+n)-3—1?-(7+2)~nlogz<d/w—l>> . We have 1—1? < 2, given that y = [2] > I;

<1l+e

logg (2+[2/€])

further, we can set 1 to be any constant, say n = 1. Thus, we get w(n) € O (n1°g2<d/<d1>> . 1/6) and the
same holds true for the edge-length ratio of I'. |

We can now prove the upper bound in Theorem 6. Consider an n-vertex graph G with toughness 7 and
let € > 0; then G has a spanning tree 7' with maximum degree d = [1/7] 4+ 2 [50]. Apply Theorem 7 in
order to construct a straight-line drawing I7p of T. Construct a straight-line drawing I'¢ of G from I by
representing the edges of G not in T' as straight-line segments. This results in a proper drawing of G, given

that no three vertices are collinear in I77. Further, the spanning ratio of I'; is at most the one of I, hence
loga (2+[2/¢€])

it is at most 1 + €. Finally, the edge-length ratio of I is in O (n Tog2(d/(d=1)) . 1/6)7 given that the distance

10



between any two vertices in It (and hence in I'g) is at least 1 and given that the width and height of I'r
logg (2+4[2/€])

(and hence of I') are in O | nToe2(@/@-1) . 1/6). Substituting the value d = [1/7] + 2 provides us with the
upper bound in Theorem 6.
The lower bound in Theorem 6 comes from the following theorem.

Theorem 8. Let T be a tree with a vertex of degree al,2 For any s > 1, any straight-line drawing of T with
spanning ratio at most s has edge-length ratio in 2°(4/57)

Proof: For any s > 1, let I" be any straight-line drawing of T" with spanning ratio at most s; refer to
Figure 7. Let ur be a vertex of degree d. Assume w.l.o.g. up to a scaling (which does not alter the edge-length
ratio and the spanning ratio of I") that the length of the shortest edge incident to ur in I' is 1. For any
integer i > 0, let C; be the circle centered at ur whose radius is r; = 2°. Further, for any integer i > 0,
let A; be the closed annulus delimited by C;_; and C;. By assumption, no neighbor of ur lies inside the
open disk delimited by Cy. We claim that, for any integer ¢ > 0 and for some constant ¢, there are at most
c - 52 neighbors of ur inside A;. This implies that at most k - ¢ - s? neighbors of ur lie inside the closed disk
delimited by Ci. Hence, if d > k-c- 5%, e.g., if k = Li_yljv then there is a neighbor vy of ur outside Ci. Then

lurvr| > 2F € 29(4/5*) Hence, the theorem follows from the claim.

(89

Fig. 7: Illustration for the proof of Theorem 8.

It remains to prove the claim. For each neighbor u of ur inside A4;, let A, be a closed disk such that: (i)
u lies inside A,; (ii) A, lies inside A;; and (iii) the diameter of A, is §; = 2¢=2/s. The existence of A, can
be proved as follows. Consider the circle C,, whose antipodal points are the intersection points of C;_; and
C; with the ray from ur through u. Note that C,, lies inside A; and has diameter 2= > §; = 272 /s. Then
A, is any disk with diameter §; that contains u and that lies inside the closed disk delimited by C,,.

Suppose, for a contradiction, that there exist two neighbors u and v of ur inside A; such that the disks
A, and A, intersect. Then 7p(u,v) > 2 since both the edges uur and vug are longer than r;_, = 2%
By the triangular inequality, ||uv||r < 2-6; = 271 /s. Hence Tﬁ(ﬂl;’)
at most s. This contradiction proves that, for any two neighbors u and v of ur inside A;, the disks A, and
A, do not intersect.

The area of A; is m- (r? —r? ;) = m- (2% — 2%2) = 37 . (2%72). Since each disk A, lying inside A;
has area 7 - (2276/s?) and does not intersect any different disk A,, it follows that A; contains at most
% = 48 - s? distinct disks A, and hence at most 48 - s2 neighbors of uy. This proves the claim and
concludes the proof of the theorem. O

> 2s, while the spanning ratio of I" is

Corollary 1. Let S be an n-vertex star,2 For any s > 1, any straight-line drawing of S with spanning ratio
at most s has edge-length ratio in 2°("/7),

11



The lower bound of Theorem 6 follows from Theorem 8 and from the fact that a tree with maximum
degree d has toughness 1/d. This concludes the proof of Theorem 6.

We now prove that trees with bounded maximum degree admit planar straight-line drawings with constant
spanning ratio and polynomial edge-length ratio. The cost of planarity is found in the dependence on the
maximum degree, which is worse than in Theorem 7.

Theorem 9. For every € > 0, every n-verter tree T with mazimum degree d admits a planar straight-line

drawing whose spanning ratio is at most 1+¢ and whose edge-length ratio is in O ((2n)2+(d—2)'logz(1+f%1) -log, n) .

Proof: Let v = [%] If d < 2, then T is a path and a planar straight-line drawing with spanning ratio
1 and edge-length ratio 1 is trivially constructed. We can hence assume that d > 3. Root T at any leaf
r; this ensures that every vertex of T' has at most d — 1 children. In order to avoid some technicalities in
the upcoming algorithm, we also assume that every non-leaf vertex of T has at least two children. This is
obtained by inserting a new child for each vertex of T' with just one child; note that the size of the tree, i.e., its
number of vertices, is less than doubled by this modification. We again call T the tree after this modification
and by n its size. Clearly, no path between two vertices of the initial tree uses the newly inserted vertices,
hence removing the inserted vertices together with their incident edges from a drawing with spanning ratio
smaller than or equal to 1 + € of the modified tree results in a drawing with spanning ratio smaller than or
equal to 1 + € of the initial tree.

Our construction is a “well-spaced” version of an algorithm by Shiloach [47]. Namely, we construct a
planar straight-line drawing I" of T' in which (i) r is at the top-left corner of B(I"), and (ii) for every vertex
u of T, the path from w to r in T is (non-strictly) xy-monotone.

If n = 1, then I' is obtained by placing r at any point in the plane. If n > 1, then let r1,79,...,7%
be the children of r, where & < d — 1, let T1,T5s,...,T; be the subtrees of T rooted at r{,ro,..., 7%,
and let ny,n9,...,ng, be the size of Ty, T5, ..., Ty, respectively. Assume, w.l.o.g. up to a relabeling, that
ny < ng < -+ < my; hence, n; < n/2 for i = 1,2,...,k — 1. Refer to Figure 8. Place r at any point in
the plane. Inductively construct planar straight-line drawings I, I5,..., I of 11,15, ..., T}, respectively.
Position I} so that r; is on the same vertical line as r, one unit below it; let d; be the width of I'}. Then, for
1 =2,...,k, position I; so that r; is one unit below r and - (d;—1 + log, n) units to the right of B, (I;_1);
denote by d; the width of the bounding box of the drawings I, I3, ..., ;. Finally, move I} one unit above,
so that 7 is on the same horizontal line as r.

p (1 (ditlogyn) v (datlogyn)
71 72
T N

FQ F3
dy

dz d3

Fig. 8: Inductive construction of I'. In this example k = 3.

We now analyze the properties of I'. By construction, we have that I is a straight-line drawing. The
planarity of I' is easily proved by exploiting the fact that r; is at the top-left corner of B(I;) and that
71,72,...,Tk_1 all lie one unit below r.

Height. Denote by h(n) the maximum height of a drawing of an n-vertex tree constructed by the
above algorithm. The same analysis as in [47] shows that h(n) < logyn. This comes from h(1) = 0 and
h(n) < max{h(g)+1,h(n — 1)} for n > 2.

Spanning ratio. We prove that, for any two vertices v and v that do not belong to the same subtree T},
it holds true that 7]@(17“:) < VTH This suffices to prove that the spanning ratio of I" is at most VT“ Suppose
that u belongs to a subtree T; and v belongs to a subtree T}, with ¢ < j; the case in which one of u and v is
r can be discussed analogously.

12



First, we have |luv|| > z, 47 (d;j—1 +1logy n), where z,, denotes the distance between v and B;(I;), while
the second term is the distance between B;(I;) and B, (Ij_1).

Clearly, we have wr(u,v) = wp(u,r) + wp(r,v). The path between u and r (between v and r) is zy-
monotone, hence 7 (u,r) (resp. mr(v,r)) is upper bounded by the horizontal distance plus the vertical
distance between u and r (resp. between v and r). The vertical distance between u and r (between v
and 7) is at most log,(n), since the height of I' is at most logy(n). The horizontal distance between u
and r is at most d; < dj_q, while the one between v and r is x, + v - (dj—1 + log, n) + dj_1. Hence,
wr(u,v) < (dj—1 +logen) + (xy + v - (dj—1 +logen) +dj—1 +logyn) =z, + (v +2) - (dj—1 + logy n). Thus:

7r(u,v) - (v+2)- (5 +dj—1 +1ogyn) 1 t2
Juvl[r = v (% +djo1 +logon) T
Y

<l+e.

Width. Let wq, ..., wg be the widths of I7,..., ;. By construction, d; = w; and, for each j =2,...,k,
we have d; = d;j_1 + - (dj—1 +1logyn) +w; = (v + 1) - dj—1 + v - logy n + w,. Hence, by induction on j, we
have d; = (y+ 1)L owy + (v +1)7 72 wo 4. ..+ (y+ 1) - wj—1 +wj + ((y+ 1)~ — 1) - log, n. In particular,
the width of I" is equal to dj and hence to:

k
D+ D w) + (v + 1) = 1) - logy n. (1)
i=1

For the reminder of the proof, we introduce the notation k; = k and ny; =n;, fori =1,2,...,k;. Recall

that k1 < d — 1. Denote by w(n) the maximum width of a drawing of an n-vertex tree constructed by the
above algorithm. By construction, we have w(1) = 0. For n > 2, by Equality 1, we get:

ki—1
wn) < (y+ D)%Y wlng) +wnag) + (v +1)?72 - logy n. (2)

i=1
Let ro1,72,2,...,72,%, be the children of 7, where ks < d — 1, and let ng1,n232,...,n2,, be size of the
subtrees 15 1,75 2,...,T2 k, of T rooted ry 1,722, ...,72 k,, respectively. Assume, w.l.o.g., that no; < ng s <
-+ < mgy,; hence, ng; <n/2fori=1,2,...,ky—1. By the same argument used to derive Inequality 2, we get

2_
that the term w(n1 , ) in Inequality 2 can be replaced by (y+1)?72- > w(ng,;)+w(ng i, )+ (y+1)4"2-logy n,
i=1

hence we get

ki—1 ko—1
w(n) < (y+1)%72. (Z w(ng ;) + Z w(“m‘)) +w(ngk,) +2- (v +1)92  logy n. (3)
i=1 i=1
-
Again, the term w(na,) in Inequality 3 can be replaced by (v + 1)472 - > w(ng;) + w(nar,) + (v +
i=1
1)?=2.log, n, where n3,1,M3,2,.-.,N3.k, are the sizes of the subtrees of T rooted at the children of 73 j,, with

ks <d—1and ng; <n/2fori=1,2,..., ks — 1. The repetition of this argument eventually leads to the
inequality:

ki—1 ko—1 ky—1
w(n) < (y+1)472. (Z w(ng ;) + Z w(ng) + -+ Z w(nt,z‘)) +t-(v+ 1) logyn,
i=1 i=1 i=1
where ¢ is the index at which 74y, has no children, hence nsp, =1 and w(n;,) = 0. Since t <n — 1, we get
w(n) < (v+ 172> wmng) + (v + D (n—1) - logy n, (4)
]

where the sum is defined over all pair of integers j and ¢ such that 1 <j <tand 1 <7 <k; —1.

13



We prove, by induction on n, that w(n) < f(n) := ((v+ 1)d_2)10g2n -n? - logyn. This is trivial when

n = 1, given that w(1l) = 0. Assume now that n > 1. By Inequality 4 and by induction, we get w(n) <

(y+1)4-2.%3° (((7 + 1)(1_2)10g2 it n3 ;- logy nj)i) +(y+1)472. (n—1) logy n. Since n;; < n/2 < n, we get
Jrt

w(n) < (Y+1)972. ((y + 1)d-2) 12/

_ _o\logy
)~Znii~log2 n+(y+1)72.(n—1)-logyn = (("/ +1)¢ 2) g2, 3 n?l
di g
logy n+(7+1)%72.(n—1)-log, n. Since any two subtrees T} ; are disjoint, we get that >_n;; < n—1, and hence

Zn?,i < (n—1)2. Thus, w(n) < ((,y + 1)d_2)log2n.((n—1)2—|—(n—1))~10g2n < ((’7 + 1)d—2)log2".n2-log2 n.
750

This completes the induction and the analysis of the width of I'.

Edge-length ratio. By construction, the length of each edge connecting r to a child is larger than or
equal to 1, hence the same is true for every edge of T. Thus, the edge-length ratio of I" is upper bounded
by the maximum length of an edge of T. In turn, this is at most the sum of the height plus the width

of I, which is in O (((7 + 1)d_2)log2n -n? - log, n), as proved above. The factor ((’Y + l)d—Q)logzn

rewritten as n(?=2)1°82(v+1) The bound claimed in the statement is then obtained by substituting v = f%]
and by observing that the value of n used in the calculations is at most twice the size of the initial tree. [

can be

6 Open Problems

Our research raises a number of open problems which might be worth studying.

First, the bounds in Theorem 6 relating the toughness to the edge-length ratio of a drawing with constant
spanning ratio are not tight; it would hence be interesting to improve them.

Second, we believe that there is still much to be understood about the edge-length ratio of planar straight-
line drawings with constant spanning ratio. Theorem 9 shows that planar straight-line drawings with constant
spanning ratio and polynomial edge-length ratio exist for bounded-degree trees. We also observe that every
n-vertex 2-connected outerplanar graph G admits a planar straight-line drawing with spanning ratio at most
v/2 and edge-length ratio in O(n!'*); this can be achieved by placing the vertices of G, in the order given by
the Hamiltonian cycle of G, at the vertices of a lattice zy-monotone polygonal curve; see, e.g., [2]. Further, it
is known that Schnyder drawings are 2-spanners [13], hence every n-vertex 3-connected planar graph admits
a planar straight-line drawing with spanning ratio at most 2 and edge-length ratio in O(n); see [11,46]. Do
3-connected planar graphs (or even just maximal planar graphs) admit planar straight-line drawings with
spanning ratio smaller than 2 (and possibly arbitrarily close to 1) and polynomial edge-length ratio? Is it
possible to extend Theorem 6 by proving that a planar straight-line drawing with constant spanning ratio
and polynomial edge-length ratio exists for every planar graph with bounded toughness?

References

1. Abrahamsen, M., Adamaszek, A., Miltzow, T.: The art gallery problem is dR-complete. In: Diakonikolas, I.,
Kempe, D., Henzinger, M. (eds.) 50th Annual Symposium on Theory of Computing (STOC 2018). pp. 65-73.
ACM (2018)

2. Acketa, D.M., Zunic, J.D.: On the maximal number of edges of convex digital polygons included into an m x m-
grid. Journal of Combinatorial Theory, Series A 69(2), 358-368 (1995)

3. Alamdari, S., Chan, T.M., Grant, E., Lubiw, A., Pathak, V.: Self-approaching graphs. In: Didimo, W., Patrignani,
M. (eds.) 20th International Symposium on Graph Drawing (GD ’12). LNCS, vol. 7704, pp. 260-271. Springer
(2013)

4. Angelini, P., Colasante, E., Di Battista, G., Frati, F., Patrignani, M.: Monotone drawings of graphs. Journal of
Graph Algorithms and Applications 16(1), 5-35 (2012)

5. Angelini, P., Di Battista, G., Frati, F.: Succinct greedy drawings do not always exist. Networks 59(3), 267-274
(2012)

6. Angelini, P., Didimo, W., Kobourov, S.G., Mchedlidze, T., Roselli, V., Symvonis, A., Wismath, S.K.: Monotone
drawings of graphs with fixed embedding. Algorithmica 71(2), 233-257 (2015)

14



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Angelini, P., Frati, F., Grilli, L.: An algorithm to construct greedy drawings of triangulations. Journal of Graph
Algorithms and Applications 14(1), 19-51 (2010)

Badent, M., Brandes, U., Cornelsen, S.: More canonical ordering. Journal of Graph Algorithms and Applications
15(1), 97-126 (2011)

de Berg, M., van Kreveld, M., Overmars, M., Schwarzkopf, O.: Computational geometry: algorithms and appli-
cations. Springer (1997)

Bonichon, N., Bose, P., Carmi, P., Kostitsyna, 1., Lubiw, A., Verdonschot, S.: Gabriel triangulations and angle-
monotone graphs: Local routing and recognition. In: Hu, Y., Nollenburg, M. (eds.) 24th International Symposium
on Graph Drawing and Network Visualization (GD ’16). LNCS, vol. 9801, pp. 519-531. Springer (2016)
Bonichon, N., Felsner, S., Mosbah, M.: Convex drawings of 3-connected plane graphs. Algorithmica 47(4), 399-420
(2007)

Bose, P., Devroye, L., Loffler, M., Snoeyink, J., Verma, V.: Almost all Delaunay triangulations have stretch factor
greater than 7/2. Computational Geometry: Theory and Applications 44(2), 121-127 (2011)

Bose, P., Fagerberg, R., van Renssen, A., Verdonschot, S.: Competitive routing in the half-6¢-graph. In: Rabani,
Y. (ed.) 23rd Annual ACM-SIAM Symposium on Discrete Algorithms (SODA 2012). pp. 1319-1328 (2012)
Bose, P., Fagerberg, R., van Renssen, A., Verdonschot, S.: On plane constrained bounded-degree spanners. Al-
gorithmica 81(4), 1392-1415 (2019)

Bose, P., Smid, M.H.M.: On plane geometric spanners: A survey and open problems. Computational Geometry:
Theory and Applications 46(7), 818-830 (2013)

Canny, J.F.: Some algebraic and geometric computations in PSPACE. In: Simon, J. (ed.) 20th Annual ACM
Symposium on Theory of Computing (STOC 1988). pp. 460-467. ACM (1988)

Cardinal, J., Hoffmann, U.: Recognition and complexity of point visibility graphs. Discrete & Computational
Geometry 57(1), 164-178 (2017)

Chew, P.: There are planar graphs almost as good as the complete graph. Journal of Computer and System
Sciences 39(2), 205-219 (1989)

Da Lozzo, G., D’Angelo, A., Frati, F.: On planar greedy drawings of 3-connected planar graphs. In: Aronov, B.,
Katz, M.J. (eds.) 33rd International Symposium on Computational Geometry (SoCG 2017). LIPIcs, vol. 77, pp.
33:1-33:16. Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik (2017)

Dehkordi, H.R., Frati, F., Gudmundsson, J.: Increasing-chord graphs on point sets. Journal of Graph Algorithms
and Applications 19(2), 761-778 (2015)

Dobkin, D.P., Friedman, S.J., Supowit, K.J.: Delaunay graphs are almost as good as complete graphs. Discrete
& Computational Geometry 5, 399-407 (1990)

Dujmovié, V., Eppstein, D., Suderman, M., Wood, D.R.: Drawings of planar graphs with few slopes and segments.
Computational Geometry: Theory and Applications 38(3), 194212 (2007)

Dumitrescu, A., Ghosh, A.: Lower bounds on the dilation of plane spanners. International Journal of Computa-
tional Geometry and Applications 26(2), 89-110 (2016)

Eppstein, D., Goodrich, M.T.: Succinct greedy geometric routing using hyperbolic geometry. IEEE Transactions
on Computers 60(11), 1571-1580 (2011)

Felsner, S., Igamberdiev, A., Kindermann, P., Klemz, B., Mchedlidze, T., Scheucher, M.: Strongly monotone
drawings of planar graphs. In: 32nd International Symposium on Computational Geometry (SoCG ’16). LIPIcs,
vol. 51, pp. 37:1-37:15. Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik (2016)

de Fraysseix, H., Pach, J., Pollack, R.: How to draw a planar graph on a grid. Combinatorica 10(1), 41-51 (1990)
Garey, M.R., Johnson, D.S.: Computers and Intractability: A Guide to the Theory of NP-Completeness. W. H.
Freeman (1979)

Garey, M.R., Johnson, D.S., Tarjan, R.E.: The planar Hamiltonian circuit problem is NP-complete. SIAM Journal
on Computing 5(4), 704-714 (1976)

He, D., He, X.: Optimal monotone drawings of trees. SIAM Journal on Discrete Mathematics 31(3), 18671877
(2017)

He, X., He, D.: Monotone drawings of 3-connected plane graphs. In: Bansal, N., Finocchi, I. (eds.) 23rd Annual
European Symposium on Algorithms (ESA 2015). LNCS, vol. 9294, pp. 729-741. Springer (2015)

He, X., Zhang, H.: On succinct greedy drawings of plane triangulations and 3-connected plane graphs. Algorith-
mica 68(2), 531-544 (2014)

Hossain, M.I., Rahman, M.S.: Good spanning trees in graph drawing. Theoretical Computer Science 607, 149-165
(2015)

Icking, C., Klein, R., Langetepe, E.: Self-approaching curves. Mathematical Proceedings of the Cambridge Philo-
sophical Society 125(3), 441-453 (1999)

Kant, G.: Drawing planar graphs using the canonical ordering. Algorithmica 16(1), 4-32 (1996)

15



35.

36.

37.

38.

39.

40.

41.

42.

43.

44.
45.
46.
47.
48.
49.
50.

51.

52.

Kindermann, P., Schulz, A., Spoerhase, J., Wolff, A.: On monotone drawings of trees. In: Duncan, C.A., Symvonis,
A. (eds.) 22nd International Symposium on Graph Drawing (GD ’14). LNCS, vol. 8871, pp. 488-500. Springer
(2014)

Leighton, T., Moitra, A.: Some results on greedy embeddings in metric spaces. Discrete & Computational Ge-
ometry 44(3), 686-705 (2010)

Lubiw, A.,; Mondal, D.: Construction and local routing for angle-monotone graphs. Journal of Graph Algorithms
and Applications 23(2), 345-369 (2019)

Mnév, N.E.: The universality theorems on the classification problem of configuration varieties and convex poly-
topes varieties. In: Viro, O.Y. (ed.) Topology and geometry: Rohlin Seminar, Lecture Notes in Mathematics, vol.
1346, pp. 527-544. Springer-Verlag, Berlin (1988)

Mulzer, W.: Minimum dilation triangulations for the regular n-gon. Master’s thesis, Freie Universitdt Berlin
(2004)

Nollenburg, M., Prutkin, R.: Euclidean greedy drawings of trees. Discrete & Computational Geometry 58(3),
543-579 (2017)

Nollenburg, M., Prutkin, R., Rutter, I.: On self-approaching and increasing-chord drawings of 3-connected planar
graphs. Journal of Computational Geometry 7(1), 47-69 (2016)

Papadimitriou, C.H., Ratajczak, D.: On a conjecture related to geometric routing. Theoretical Computer Science
344(1), 3-14 (2005)

Rao, A., Papadimitriou, C.H., Shenker, S., Stoica, I.: Geographic routing without location information. In: John-
son, D.B., Joseph, A.D., Vaidya, N.H. (eds.) 9th Annual International Conference on Mobile Computing and
Networking (MOBICOM ’03). pp. 96-108. ACM (2003)

Rote, G.: Curves with increasing chords. Mathematical Proceedings of the Cambridge Philosophical Society
115(1), 1-12 (1994)

Schaefer, M.: Complexity of some geometric and topological problems. In: Eppstein, D., Gansner, E.R. (eds.)
17th International Symposium on Graph Drawing (GD ’09). LNCS, vol. 5849, pp. 334-344. Springer (2010)
Schnyder, W.: Embedding planar graphs on the grid. In: Johnson, D.S. (ed.) 1st Annual ACM-SIAM Symposium
on Discrete Algorithms (SODA ’90). pp. 138-148 (1990)

Shiloach, Y.: Linear and Planar Arrangements of Graphs. Ph.D. thesis, Weizmann Institute of Science (1976)
Valiant, L.G.: Universality considerations in VLSI circuits. IEEE Transaction on Computers 30(2), 135-140 (1981)
Wang, J.J., He, X.: Succinct strictly convex greedy drawing of 3-connected plane graphs. Theoretical Computer
Science 532, 80-90 (2014)

Win, S.: On a connection between the existence of k-trees and the toughness of a graph. Graphs and Combinatorics
5(1), 201205 (1989)

Xia, G.: The stretch factor of the Delaunay triangulation is less than 1.998. Computational Geometry: Theory
and Applications 42(4), 1620-1659 (2013)

Xia, G., Zhang, L.: Toward the tight bound of the stretch factor of Delaunay triangulations. In: 23rd Annual
Canadian Conference on Computational Geometry (CCCG 2011) (2011)

16



