Matching Shapes with a Reference Point

Helmut Alt^�

Freie Universität Berlin Fachbereich Mathematik und Informatik Takustraße 9, D-14195 Berlin, Germany e-mail: alt@inf.fu-berlin.de

Oswin Aichholzer^y

Institut für Grundlagen der Informationsverarbeitung Technische Universität Graz Schießstattgasse 4, A-8010 Graz, Austria e-mail: oaich@igi.tu-graz.ac.at

Günter Rote

Institut für Mathematik, Technische Universität Graz Steyrergasse 30, A-8010 Graz, Austria e-mail: rote@ftug.dnet.tu-graz.ac.at

Abstract

For two given point sets, we present a very simple (almost trivial) algorithm to translate one set so that the Hausdorff distance between the two sets is not larger than a constant factor times the minimum Hausdorff distance which can be achieved in this way. The algorithm just matches the so-called Steiner points of the two sets.

The focus of our paper is the general study of reference points (like the Steiner point) and their properties with respect to shape matching.

For more general transformations than translations, our method eliminates several degrees of freedom from the problem and thus yields good matchings with improved time bounds.

1 Introduction

This work is motivated by a problem that is typical in application areas such as computer vision or pattern recognition, namely, given two figures

�This research was supported by the ESPRIT Basic Research Action Program No. 7141, Project ALCOM II. It was initiated during a stay of the author at the TU Graz sponsored by funds for the promotion of foreign relations of that university.

yThat research was supported by the Jubiläumsfond der Oesterreichischen Nationalbank.

A, B, to determine how much they “resemble each other”.

Here, a “figure” will be a union of finitely many points and line segments in R^2 or triangles in R^3. Note that sets of curves in R^2 and R^3 or surfaces

in R^3 can be approximated arbitrarily closely by

these objects. As a measure for “resemblance” we will use the Hausdorff-metric δ_H , which is a somehow natural distance measure and gives reasonable results in practice (see [HKR]). It is defined as follows:

Definition 1 Let A, B be compact subsets of R^2

or R^3. Then ~δ_H (A, B) := max_{a∈A} min_{b∈B} ‖a − b‖, where ‖·‖ is the Euclidean norm and the Hausdorffdistance is defined as

δ_H (A, B) := max { ~ δ_H (A, B), ~δ_H (B, A) } . If A and B consist of n and m line segments in the plane, their Hausdorff-distance δ_H (A, B) can be computed in time O ( (n + m) log(n + m) ) (cf.

[ABB]). However, it is more natural to assume that A and B are not fixed but can be moved by a translation, by a rigid motion (translation and rotation) or even transformed by a similarity (scaling and rigid motion) in order to match them as well as possible and then determine the minimal Hausdorff-distance. So, in general, we have a set T of allowed transformations and want to determine for given figures A and B:

min_{T ∈T} δ_H ( A, T (B) ) .

Note that, for similarities, it makes a difference if we exchange the sets A and B in this problem.

This problem of finding an optimal matching has been considered for the two-dimensional case in several previous articles: In [ABB], an algorithm of running time O ( (nm) log(nm) log^∗(nm) ) for the case that T is the set of translations along one fixed direction is described. An O ( (nm)^2 log^3(nm) ) algorithm for arbitrary translations is presented in the paper [AST], which can be improved to O ( nm(n+m) log(nm) ) if A and B are finite sets of points [HKS]. The paper [CGHKKK] gives an algorithm of time complexity O ( (nm)^3 log^2(nm) ) for arbitrary rigid motions. The latter two algorithms use sophisticated and powerful tools like parametric search and therefore do not seem to be applicable in practice.

Here, we follow a different approach which was already used in [ABB]. We do not try to find an optimal solution but an approximation to the optimal one by simpler algorithms. More precisely, if the optimal matching yields Hausdorff-distance δ our algorithms will find a matching T such that δ_H ( A, T (B) ) ≤ aδ for some constant a > 1. We call such a solution a pseudooptimal matching with loss factor a.

A somehow similar approach has been taken in several articles by Heffernan and Schirra ( [H,HS]) considering matching of finite sets A, B of points under rigid motions. They consider both, the decision problem, whether for a given ε A (or a subset of a given size k) can be mapped in a 1-1-fashion into the ε-neighborhoods of points of B, and the optimization problem, namely to find the smallest ε of this kind. Both problems are solved very efficiently by allowing that the optimal ε is not found exactly, but within a small tolerance interval (approximate algorithms).

The aim of this paper is to work out the general idea of using “reference points” for pseudooptimal algorithms. Reference points were first introduced in [ABB] and used in [CKS] to obtain an O(mn log(mn)) approximate algorithm for the decision problem for sets of line segments. Here we will also present a reference point that gives better bounds than the one in [ABB] and can be applied to similarities and problems in three dimensions as well.

2 Reference Point Methods

Like in [ABB] pseudooptimal algorithms use suitable reference points, which we define for arbitrary dimension d as follows:

Definition 2 Let C^d denote the set of compact subsets of R^d, and let T be a set of transformations on R^d. A mapping s: C^d → R^d is called a reference point with respect to T if the following two conditions are satisfied:

(a) s is equivariant with respect to T , i.e., for all A, B ∈ C^dand T ∈ T we have s ( T (A) ) = T ( s(A) ) . (b) There exists some constant c ≥ 0 such that if for all A, B ∈ C^d, ‖s(A) − s(B)‖ ≤ c · δ_H (A, B). In other words, s is a Lipschitz-continuous mapping between the metric spaces (C^d, δ_H ) and (R^d, ‖ · ‖) with Lipschitz constant c. We call c the quality of the reference point s.

Based on the existence of a reference point for T we obtain the following algorithms for pseudooptimal matchings where T is the set of translations, rigid motions, and similarity transformations, respectively:

Algorithm T 1. Compute s(A) and s(B) and translate B by s(A)−s(B) (so that s(B) is mapped onto s(A)). Let B^′ be the image of B.

2. Output B^′ as the pseudooptimal solution (together with the Hausdorff-distance δ_H (A, B^′)).

Algorithm R 1. as in Algorithm T.

2. Find an optimal matching of A and B^′ under rotations of B^′ around s(A).

3. Output the solution B^{′′} and the Hausdorffdistance δ_H (A, B^{′′}).

Algorithm S 1. as in Algorithm T.

2. determine the diameters d(A) and d(B) and scale B^′ by α := d(A)/d(B) around the center s(A).

3. as Step 2 in algorithm R with the scaled image of B^′.

4. as Step 3 in algorithm R.

As the algorithms R and S are formulated, they look only for proper rigid motions and positive similarities, respectively. Reflections can be included by simply running the algorithm a second time with a reflected copy of A.

These algorithms are simpler than the ones for finding the optimal solutions, since after Step 1 the matchings are restricted to ones leaving the reference point invariant. In d dimensions this eliminates d degrees of freedom. The qualities and running times of these algorithms are as follows:

Theorem 1 Suppose that we can determine a reference point of quality c for the sets of transformations T in the Algorithms T, R, and S in linear time. In the case of similarity transformations also assume that s(A) always lies within the convex hull conv(A).

(a) Algorithm T finds a pseudooptimal matching for translations with loss factor a = c + 1.

(b) Algorithm R finds a pseudooptimal matching for rigid motions with loss factor a = c + 1.

(c) Algorithm S finds a pseudooptimal matching for similarity transformations with loss factor a = c + 3.

In the plane, the running times for two sets of n and m points and line segments are O ( (n + m) log(n+m) ) for Algorithm T and O ( nm log(nm) log^∗(nm) ) for Algorithms R and S. In three dimensions, where A and B are sets of triangles, the running times become O(mn) for Algorithm T and O ( (nm)^3H(n, m) ) for Algorithms R and S. Here H(n, m) is the time to compute the Hausdorff distance.

Note that an upper bound of O((n^2m + nm^2) log^2(nm)) for H(n, m) is known [AG].

For the proof of the theorem we need the following lemmas, which can be shown by elementary geometrical considerations.

Lemma 2 Let B ⊂ R^d be a compact set with diameter d(B), and let p be a point in its convex hull conv(B). Let τ_1, τ_2 be homotheties (scalings) with center p and ratios (scaling factors) α_1 and α_2, respectively. Then δ_H ( τ_1(B), τ_2(B) ) ≤ |(α_1 − α_2)d(B)| .

Lemma 3 If A, B ⊂ R^d are compact sets with diameters d(A) and d(B), respectively, then |d(A) − d(B)| ≤ 2δ_H (A, B). Proof: This holds because B is contained in the δ-neighborhood of A and vice versa.

Proof of Theorem 1: We prove only (c) which implicitly contains the proofs for (a) and (b). Consider an optimal similarity transformation S_{opt}. It can be written as S_{opt} = τ_{opt} ∘ T_{opt}, where T_{opt} a rigid motion and τ_{opt} is a homothety with ratio α^′. Let δ be the optimal Hausdorff-distance δ = δ_H ( A, S_{opt}(B) ) . Then ‖s(A) − s ( S_{opt}(B) ) ‖ ≤ cδ. Let t be the translation by s(A) − s ( S_{opt}(B) ) ; then ~S = t ∘ S_{opt} is a similarity transformation mapping s(B) onto s(A) and δ_H ( A, ~S(B) ) ≤ (c + 1)δ. (1) Write ~S as ~S = ~τ ∘ ~T , where ~T a rigid motion mapping s(B) onto s(A) and ~τ is a homothety with center s(A) and ratio α^′. Let α = d(A)/d(B) as in Algorithm S, τ the homothety with center s(A) and ratio α, and S = τ ∘ ~T . Then δ_H ( A, S(B) ) ≤ δ_H ( A, ~S(B) ) + δ_H ( ~ S(B), S(B) ) (2) Now, δ_H ( ~ S(B), S(B) ) = δ_H ( ~τ ( ~ T (B) ) , τ ( ~ T (B) )) ≤ | | |(α^′ − α)d ( ~ T (B) )| |, by Lemma 2 = |(α^′ − α)d(B)| = |α^′d(B) − d(A)| = | |d(S_{opt}(B)) − d(A) | | , (since α^′ was the ratio of S_{opt}) ≤ 2 · δ_H ( S_{opt}(B), A ) = 2δ,

(3)

by Lemma 3. From (1), (2), and (3) we have δ_H ( A, S(B) ) ≤ (c + 3)δ (4) for a similarity transformation S composed of a rigid motion that maps s(B) onto s(A) and a homothety with center s(A) and ratio α. Since Algorithm S finds the optimum among these similarity transformations the bound (4) holds for it, as well.

For the time bound we observe that Step 1 can be done in linear time, and Step 2 in O(n log n + m log m). (In three dimensions, the diameters can

Figure 1: s(A_δ) = (1/3, 0), s(B_δ) = (1/2, 0), where s is either the center of the smallest enclosing ellipse or the centroid of the figure. This can be seen by applying an affine transformation which maps A_δ to an equilateral triangle or B_δ to a square.

be computed trivially in O(n^2 + m^2) time.) Step 3, finding the optimal matching under rotations, can be done in time O ( nm log(nm) log^∗(nm) ) in the plane by the algorithm of [ABB], whose analysis relies on Davenport-Schinzel sequences. This algorithm explicitly computes the Hausdorff-distance, so Step 4 is for free. In 3-space, we have rotations

in R^3 around a fixed center, which is an optimal

matching problem with 2 degrees of freedom. It can be solved in time O ( (nm)^3H(n, m) ) by methods of [ABB].

3 The Steiner Point

The previous section would be useless if it were not possible to find suitable reference points. In [ABB] it was observed that in the two-dimensional case the point s(A) = (x_{max}, y_{max}), where x_{max} and y_{max} are the maximal x- and y-coordinates of points in A, is a reference point of quality √ 2 for translations.

For rigid motions the situation is not as easy. We will first list a few points that come to mind but turn out not to be reference points. In fact, for arbitrary small δ > 0, we can construct figures A_δ, B_δ for which δ_H (A_δ, B_δ ) ≤ δ, but ‖s(A_δ) − s(B_δ )‖ is not in O(δ) or does not even converge to 0 for δ → 0. Some of these counterexamples are from [B], some are new:

s(A) is the centroid of the ‖s(A_δ) − s(B_δ )‖ a) vertices of the convex hull Ω(1) b) convex hull Ω(1) c) smallest enclosing circle Ω( √ δ) d) smallest enclosing ellipse Ω(1) e) smallest enclosing rectangle Ω(1)

Figure 1, for example, shows A_δ, B_δ for cases b) and d). In [ABB] also a positive example of a reference point for rigid motions in two dimensions was given: the centroid of the boundary of the convex hull. It was shown that this reference point is of quality at most 4π + 3 ≈ 15.57. Here, we will give a reference point which works even for similarity transformations, is easy to compute, can be generalized to higher dimensions, and whose quality is 4/π ≈ 1.27. First we observe that we can without loss of generality restrict our attention to convex figures. In fact, in [ABB] it was shown that for any two compact sets A, B: δ_H ( conv(A), conv(B) ) ≤ δ_H (A, B). From that it follows easily that a reference point for the convex hull of a compact set A is a reference point for A, as well.

Our candidate for a reference point is the socalled Steiner point, which has been investigated intensively in the field of convex geometry [G, S, Sch].

Definition 3 We denote by B^d the d-dimensional unit ball and by S^{d−1} its boundary, the (d − 1)- dimensional unit sphere in R^d.

Let A be a convex body (convex and compact subset) in R^d. The support function h_A: R^d → R of A is given by

h_A(u) = max_{a∈A} ⟨a, u⟩

(see Figure 2).

The Steiner point s(A) of A is defined as s(A) = d Vol(S^{d−1}) ∫ Sd�1 h_A(u)u dω(u),

Figure 2: The support functions h_A(u), h_B (u) of two convex bodies A, B.

where dω(u) is the surface element of S^{d−1}.

For a non-convex compact set A ∈ R^d, we define the support function and hence the Steiner point by the same definitions. They coincide with the support function and the Steiner point of the convex hull conv(A).

For the Steiner point we obtain

Theorem 4 The Steiner point is a reference point for similarity transformations in arbitrary dimension d. For d = 2, its quality is 4/π, for d = 3 it is 3/2, for arbitrary d it is less than √ 2/π · √ d + 1.

Proof: The equivariance of the Steiner point under similarity transformations is well known [G, Sch]. For the bound on the quality, we observe that for two convex bodies A and B, ‖h_A(u) − h_B(u)‖ ≤ δ_H (A, B) =: δ for any u ∈ S^{d−1} (see Figure 2).

Now let p = s(A) − s(B), and consider the inner product of p with an arbitrary unit vector e. Without loss of generality we assume that e = (0, . . . , 0, 1) is the unit vector in the d-th coordinate direction. ⟨p, e⟩ = ⟨s(A) − s(B), e⟩ = d Vol(S^{d−1}) ∫ Sd�1 ( h_A(u)−h_B (u) ) ⟨u, e⟩ dω(u)

≤ d Vol(S^{d−1}) · [ ∫ Sd�1 ud≥0 (+δ)⟨u, e⟩ dω(u)

+ ∫ Sd�1 ud≤0 (−δ)⟨u, e⟩ dω(u) ]

= δd · [ 1 Vol(S^{d−1})/2 · ∫ Sd�1 ud≥0 ⟨u, e⟩ dω(u) ]

The expression in brackets in the last line is nothing but the d-th coordinate of the center of gravity of the upper unit half-sphere. If we compute the integral by projecting away the d-th coordinate and integrate over (x_1, x_2, . . . , x_{d−1}) ∈ B^{d−1} ⊆ R^{d−1}, a straightforward calculation gives that the surface element is transformed by dω = 1 ⟨u, e⟩ dx_1dx_2 · · · dx_{d−1}. Thus the integral turns out to be just the volume of B^{d−1} , and we get the following bound on ⟨p, e⟩: ⟨p, e⟩ ≤ δd · Vol(B^{d−1} ) Vol(S^{d−1})/2 = δ2d · π^{(d−1)/2}/Γ (_{d+1} 2 ) dπ^{d/2}/Γ (_{d+2} 2 ) = δ · 2 √ π · Γ (_{d+2} 2 ) Γ (_{d+1} 2 ) , using the formulas for the volume and surface area of higher-dimensional balls and spheres. This last expression is a bound on the length of p since e was in fact an arbitrary unit vector and therefore can be substituted by p/‖p‖. The values Γ(3/2) = √ π/2, Γ(2) = 1, and Γ(5/2) = 3 √ π/4 give the claimed quality bounds for d = 2 and d = 3. The quotient of the two Γ-functions is between √ d/2 and √ (d + 1)/2, and this gives the general bound.

From this proof one can see how to construct an example showing that the bound cannot be improved: S^{n−1} must be divided into two halfspheres, and h_A(u) − h_B (u) will ideally always be equal to +δ or −δ, depending on the half-sphere in which u lies. Figure 3 shows two two-dimensional

Figure 3: ‖s(A_δ) − s(B_δ )‖ is close to 4/π · δ.

point sets A_δ and B_δ . A_δ is just a circle of radius r, and B_δ consists of a “distorted” circle and an additional point. If we allow to apply any similarity to B_δ in order to minimize the Hausdorff distance from A_δ, the optimal position is as shown in Figure 3, and the Hausdorff distance is δ. The distance of the Steiner point s(B_δ ) from the center s(A_δ ) of the circle can be calculated as 2/π · √ rδ arccos^{r−δ}_{r+δ} , which approaches 4/π · δ as r goes to ∞. If one lets the two Steiner points coincide, the Hausdorff distance rises by this amount, showing that 1+4/π is indeed the loss factor of Algorithm T. Since A_δ is rotation-symmetric, this holds also for Algorithm R. The above construction generalizes easily to higher dimensions.

The following theorem is well-known [G, S].

Theorem 5 The Steiner point of a convex polytope is the weighted sum of its vertices, where the weight of vertex v is that fraction of the surface of the unit sphere that lies between the unit vectors normal to the hyperplanes meeting at v (the normalized exterior angle at v). (See Figure 4 for a two-dimensional example.)

For smooth convex bodies, the Steiner point can also be defined as the centroid of a non-uniform mass distribution on the boundary, where the density is the (Gaussian) curvature.

Figure 4: The weight of vertex v is^ϕ_{2π} .

Combining Theorems 1, 4, and 5 we get:

Theorem 6 Let A and B be sets of n and m line segments in d = 2 dimensions or n and m triangles in d = 3 dimensions. Then pseudooptimal matchings can be found for A and B applying the corresponding algorithms of Section 2 as indicated in the following table.

T running time loss factor translations d = 2 O ( (n + m) log(n + m) ) 4/π + 1 d = 3 O(H(n, m)) 2.5 rigid motions d = 2 O ( nm log(nm) log^∗(nm) ) 4/π + 1 d = 3 O ( (nm)^3H(n, m) ) 2.5 similarities d = 2 O ( nm log(nm) log^∗(nm) ) 4/π + 3 d = 3 O ( (nm)^3H(n, m) ) 4.5 Proof: For the proof note that the Steiner point for a convex polygon or polytope can be computed in linear time because of Theorem 5, after the convex hulls have been constructed in O(n log n + m log m) time. The bound of O(H(n, m)) (as in q_1

q_2 q_3 p o

C K Δ

2 2 2 ≈3.38 2

3 3 q_1

q_2 q_3

δ_H (Δ, K) = 2 δ_H (K, C) = 3

Figure 5: A lower bound for the quality of a reference point.

Theorem 1) for translations in three dimensions comes from the final computation of the Hausdorff distance. Just finding the pseudooptimal translation takes only O(n log n + m log m) time.

4 Lower Bounds

For translations in two dimensions the following lower bound on the quality of reference points can be shown:

Theorem 7 The quality c of any reference point for translations (Algorithm T ) in two (or higher) dimensions cannot be better (i.e., smaller) than √ 4/3.

Proof: We consider three point sets (see the upper part of Figure 5): A circle C with center o and radius 5; a keyhole-shaped figure K with two circular arcs of radii 2 and 8 and opening angles of 5π/3 and π/3, respectively, and with an additional point inside; and finally an equilateral triangle Δ = q_1q_2q_3 with side length 10. The optimal matching between C and K and between K and Δ is shown in the lower part of Figure 5. It is obtained by superimposing the points o and p (marked by crosses) or the points p and q_1, respectively. The dimensions given in the lower middle part of Figure 5 also exhibit the position of the extra point in the keyhole K.

Let us first assume that the reference point s(C) of the circle is its center o. Since δ_H (C, K) = 3, the reference point s(K) of K must lie in a circle of radius 3c around p. Similarly, s(Δ) must lie in a circle of radius 2c around s(K), i.e., in a circle of radius 5c around q_1. If we turn K by 120^∘ in both ways, we can conclude in a similar way that s(Δ) must lie in circles of radius 5c around q_2 and around q_3. By equivariance with respect to translations, the triangle Δ has only a single reference point, and therefore the three circles must intersect, as shown in the lower right part of Figure 5. This means that c must be at least √ 4/3 ≈ 1.155.

If the reference point s(C) is not the center o, the only difference is that the centers of the final three circles will be translated by the respective amount.

The above construction can be generalized to d dimensions to give a lower bound of √ 2d/(d + 1) on the quality c.

Comparing √ 4/3 ≈ 1.155 with the upper bound of 4/π ≈ 1.27 for the Steiner point, we note that the gap is quite small. We are quite sure that the lower bound can be improved, and we believe that the Steiner point is the optimal reference point with the best quality guarantee.

5 Acknowledgements

We would like to thank the following colleagues who in many discussions contributed ideas to this research: Franz Aurenhammer, Stefan Felsner, Michael Godau, Emo Welzl, Lorenz Wernisch, and Gerhard Wöginger.

References

[ABB] H. Alt, B. Behrends, J. Blömer, Approximate matching of polygonal shapes, Proceedings 7th Annual Symposium on Computational Geometry, 1991, pp. 186– 193.

[AG] H. Alt, M. Godau, Computing the Hausdorff-distance in Higher Dimensions, to appear.

[AST] P. J. Agarwal, M. Sharir, S. Toledo, Applications of parametric searching in geometric optimization, Proc. 3rd ACM- SIAM Sympos. Discrete Algorithms, 1992, pp. 72–82.

[B] B. Behrends, “Algorithmen zur Erkennung der ϵ-Kongruenz von Punktmengen und Polygonen”, Diplomarbeit, FB Mathematik, Freie Universität Berlin, 1990.

[CGHKKK] P. P. Chew, M. T. Goodrich, D. P. Huttenlocher, K. Kedem, J. M. Kleinberg, D. Kravets, Geometric pattern matching under Euclidean motion, Proc. 5th Canadian Conference on Computational Geometry, 1993, pp. 151–156.

[CKS] P. P. Chew, K. Kedem, S. Schirra, On chracteristic points and approximate decision algorithms for Hausdorff distance, Report, Max-Planck-Institut für Informatik, Saarbrücken, 1993.

[G] B. Grünbaum, Convex Polytopes, Wiley & Sons, 1967.

[H] P. J. Heffernan, Generalized approximate algorithms for point set congruence, Proc. 3rd Workshop on Algorithms and Data Structures, Springer Lecture Notes in Computer Science, Vol. 709, 1993, pp. 373– 384.

[HS] P. J. Heffernan, S. Schirra, Approximate decision algorithms for point set congruence, Proc. 8th Annu. Symp. on Computational Geometry, 1992, pp. 93–101.

[HK] D. P. Huttenlocher, K. Kedem, Computing the Minimum Hausdorff distance for point sets under translation, Proc. 6th Annual Symp. on Computational Geometry, 1990, pp. 340–349.

[HKS] D. P. Huttenlocher, K. Kedem, M.

Sharir, The upper envelope of Voronoi surfaces and its applications, Discrete and Computational Geometry, 9 (1993), 267– 291.

[HKR] D. P. Huttenlocher, G. A. Klanderman, W. J. Rucklidge, Comparing images using the Hausdorff-distance, IEEE Transactions on Pattern Analysis and Machine Intelligence 15 (1993), 850–863.

[S] G. C. Shephard, The Steiner point of a convex polytope, Canadian J. Math., 18 (1966), 1294–1300.

[Sch] R. Schneider, Krümmungsschwerpunkte konvexer Körper, Abh. Math. Sem. Hamburg 37 (1972), 112–132.