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Abstract

The Harary-Hill conjecture, still open after more than
50 years, asserts that the crossing number of the com-
plete graph Kn is

H(n) :=
1

4

⌊
n

2

⌋⌊
n− 1

2

⌋⌊
n− 2

2

⌋⌊
n− 3

2

⌋
.

Ábrego et al. [Shellable drawings and the cylindrical
crossing number of Kn. Disc. & Comput. Geom.,
52(4):743–753, 2014.] introduced the notion of shella-
bility of a drawing D of Kn. They proved that if D is
s-shellable for some s ≥ bn2 c, then D has at least H(n)
crossings. This is the first combinatorial condition on
a drawing that guarantees at least H(n) crossings.

In this work, we generalize the concept of s-
shellability to bishellability, where the former implies
the latter in the sense that every s-shellable drawing
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is, for any b ≤ s−2, also b-bishellable. Our main result
is that (bn2 c−2)-bishellability also guarantees, with a
simpler proof than for s-shellability, that a drawing
has at least H(n) crossings. We exhibit a drawing of
K11 that has H(11) crossings, is 3-bishellable, and is
not s-shellable for any s ≥ 5. This shows that we have
properly extended the class of drawings for which the
Harary-Hill Conjecture is proved.

Introduction

We consider topological drawings of the complete
graph Kn in the plane. In these drawings vertices
are drawn as points in the plane and edges as sim-
ple planar curves that contain no vertices other than
their endpoints. As usual, we require that all inter-
sections are proper crossings (no tangencies) and that
two edges share only a finite number of points. A
drawing is called simple if edges do not self-intersect
and if each pair of edges shares at most one point.
The number cr(D) of crossings in a drawing D is the
sum of the number of intersection points of all un-
ordered pairs of interiors of edges. The crossing num-
ber cr(G) is the minimum cr(D) over all drawings D
of G. A drawing is crossing optimal (or minimal) if
cr(D) = cr(G).

A long-standing conjecture is that the crossing
number cr(Kn) of the complete graph Kn is equal
to
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A very fine history of this and related problems is
given by Beineke and Wilson [8]. They attribute the
conjecture to Anthony Hill. As it is first published by
Harary and Hill in [9], we propose the notation H(n)
used above to denote the conjectured value of cr(Kn)
and attribute the conjecture to Harary-Hill.
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Recently, an important line of research has been
started by Ábrego et al. [2], who restricted the al-
lowed drawing styles and proved that for these draw-
ings the conjecture is true. In [2], they consider 2-page
book drawings of Kn and later in [3, 7] the technique
was extended to monotone drawings of Kn where all
the vertices have different x-coordinates and the edges
are x-monotone curves. In [4], Ábrego et al. generalize
those previous results giving the first general combina-
torial condition on a drawing D of Kn that guarantees
that D has at least H(n) crossings. In their paper,
which also prompted this work, they introduced the
notion of shellability of a drawing of Kn.

In this work we define a more general version of
shellability that we call bishellability, and which is
implied by shellability. The main benefit of our ap-
proach is the simplification of the principal concept.
This allows a significantly simpler and more intuitive
proof for the fact that bishellable drawings satisfy
the Harary-Hill Conjecture. Moreover, bishellability
reflects better the required properties. We are con-
vinced that this is a further step to gain more insight
into the structure of crossing minimal drawings, with
the ultimate goal to prove the Harary-Hill Conjecture.

1 k-edges and crossings

The relation between the number of crossings in
a rectilinear (or pseudo-linear) drawing of Kn and
the number of its k-edges was first described by
Lovász et al. [10] and, independently, by Ábrego and
Fernández [6]. Ábrego et al. [2] generalized the no-
tion of k-edges to topological (simple) drawings, as
follows. Fix a drawing D of Kn and let uv be a di-
rected edge of D. Let w be a vertex of D other than u
or v. We denote by uvw the oriented, closed curve
defined by concatenating the (oriented) edges uv,vw
and wu. Note that uvw is a simple closed curve that
can be oriented in the standard way. We say that w
is on the left (respectively, right) side of uv if uvw
is oriented counterclockwise (respectively, clockwise).
Finally, we say that the edge uv is a k-edge of D if it
has exactly k points of D on one side (left or right).

The relation between k-edges and crossings turns
out to be useful to give a lower bound for the number
of crossings of rectilinear drawings when (≤ k)-edges
are considered. Specifically, if we denote by Ek(D)
the number of k-edges of D and define

E≤k (D) :=

k∑
j=0

Ej (D)

then a lower bound for E≤k (D) traslates inmediately
into a lower bound for cr(D) [6, 10].

In [2] it is shown that the lower bound E≤k ≥
3
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2

)
(that is true for rectilinear drawings and would

imply cr(D) ≥ H(n)), is not true for topological draw-
ings. A further step is done considering
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Using this equality, a straightforward calculation
translates the lower bound E≤≤k(D) ≥ 3

(
k+3
3

)
into

cr(D) ≥ H(n).

2 Bishellable drawings

The lower bound E≤≤k(D) ≥ 3
(
k+3
3

)
was shown in [2]

for 2-page drawings and then, in [3, 7] the technique
was extended to monotone drawings.

Shellable drawings are introduced in [4] as the first
combinatorial condition on a drawing that guarantees
at least H(n) crossings. For the definition, we recall
that, for a drawing D of Kn, a face of D is a compo-
nent of R2\D[Kn]. Finally, if V is a subset of vertices
in the drawing, D − V denotes the drawing obtained
when vertices of V and all edges incident to them are
deleted from D.

Definition 1 ([4]) For a positive integer s, a planar
drawing D of Kn is s-shellable if there is a sequence
v1, v2, . . . , vs of distinct vertices of D so that, relative
to a reference face F , for all integers r, t with 1 ≤ r <
t ≤ s, the vertices vr and vt are both incident with
the face of D−{v1, . . . , vr−1, vt+1, . . . , vs} containing
F .

One of the disadvantages of the notion of shellabil-
ity is that s-shellable does not imply (s−1)-shellable.
This is because the sequence v1, v2, . . . , vs of vertices
needs to be circular to get from the reference face F
and back to F again, and a long circular sequence
does not imply a shorter circular sequence.

We introduce a more general variant of shellability
that we call bishellability.

Definition 2 For a non-negative integer s, a draw-
ing D of Kn is s-bishellable if there exist sequences
a0, a1, . . . , as and bs, bs−1, . . . , b1, b0, each sequence
consisting of distinct vertices of Kn, so that, with re-
spect to a reference face F :

1. for each i = 0, 1, 2, . . . , s, the vertex ai is inci-
dent with the face of D − {a0, a1, . . . , ai−1} that
contains F ;
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2. for each i = 0, 1, 2, . . . , s, the vertex bi is inci-
dent with the face of D − {b0, b1, . . . , bi−1} that
contains F ; and

3. for each i = 0, 1, . . . , s, {a0, a1, . . . ai} ∩
{bs−i, bs−i−1, . . . , b0} = ∅.

We remark that if a0, a1, . . . , as and bs, bs−1, . . . , b0
show that D is s-bishellable, then the same sequences
without as and bs show that D is (s−1)-bishellable.
Moreover, the vertices a0 and b0 must lie on the
boundary of the common face F .

Also, if D is s-shellable, with witnessing sequence
v1, v2, . . . , vs, then D is (s−2)-bishellable with witness-
ing sequences a0, a1, . . . , as−2 and bs−2, bs−3, . . . , b0
defined by ai = vi+1 and bi = vs−i.

With this new definition, the key lemma from [4] is
replaced by the following version (the full proof can
be found in [1]):

Lemma 3 If a drawing D of Kn is k-bishellable and
0 ≤ k ≤ bn2 c − 2, then

E≤≤k(D) ≥ 3

(
k + 3

3

)
.

Proof. (Sketch) Bishellability allows us to simplify
the approach in [4]. We proceed by induction on k.
The base case of k = 0 is trivial, as the face F is
incident with at least three edges and each of these is
a 0-edge. Thus,

0∑
i=0

(0 + 1− i)E0(D) = E0(D) ≥ 3 = 3

(
0 + 3

3

)
,

as required.
For the induction step, let a0, a1, . . . , ak

and bk, bk−1, . . . , b0 be sequences witnessing k-
bishellability. Consider the drawing D − a0. Then
a1, . . . , ak, bk−1, . . . , b0 show it is (k−1)-bishellable
and, since k − 1 ≤ (bn2 c − 2) − 1 ≤ bn−12 c − 2, the
induction implies that

k−1∑
i=0

((k − 1) + 1− i)Ei(D − a0) ≥ 3

(
(k − 1) + 3

3

)
.

Rewritten, this is

k−1∑
i=0

(k − i)Ei(D − a0) ≥ 3

(
k + 2

3

)
.

Consider an edge e in D − a0. If e is an i-edge
with i ≤ bn−12 c − 2, then it is either an i-edge or
an (i + 1)-edge of D, depending on whether a0 joins
the majority or minority part of the R’s and L’s with
respect to e in D− a0. We call those that are i-edges
in both D − a0 and D invariant.

It is not hard to see that that the coefficient of a
non-invariant i-edge in the sum for D−a0 is the same

as in the D-sum, while an invariant i-edge contributes
k− i to the (D−a0)-sum and k+ 1− i to the D-sum.
Therefore, we have

k∑
i=0

(k+1− i)Ei(D) ≥
k−1∑
i=0

(k− i)Ei(D−a0)+ID +S0,

where ID is the number of invariant edges and S0 the
number of edges incident with a0.

In order to finish the proof we need to show that
there are at least

(
k+2
2

)
invariant edges and the contri-

bution of the edges incident with a0 is at least 2
(
k+2
2

)
.

�

From Lemma 3 and Equation (1) we get:

Theorem 4 If D is an (bn2 c− 2)-bishellable drawing
of Kn, then cr(D) ≥ H(n).

There are two main remarks to be made here. First,
in the previous version we had to ask for shellabil-
ity for some s ≥ bn2 c while with bishellability only a
fixed value is required. Second, even though the same
principal ideas are used in the two proofs, the proof
of Lemma 3 involves a significantly simpler induction
than its version in [4]. Both advantages are due to
the monotonicity of the new concept.

3 Shellable and bishellable drawings

The main point of this work is to simplify the notion
of shellability and to simplify the proof that shellable
drawings of Kn have at least H(n) crossings. How-
ever, there is also some interest in understanding the
distinctions between shellable, bishellable, and gen-
eral drawings. To simplify the discussion, we define
a drawing D of Kn to be shellable if it is s-shellable
for some s ≥ bn2 c, and bishellable if it is (bn2 c−2)-
bishellable. That is, shellable and bishellable draw-
ings have at least H(n) crossings. Furthermore, we
call a drawing of Kn Harary-Hill optimal if it has
H(n) crossings. We use this notation to keep in mind
that drawings with H(n) crossings are only conjec-
tured to be optimal.

Two Harary-Hill optimal drawings of Kn with n ≥
11 odd are given in [4]. One especially relevant to us
has every edge crossed at least once. Figure 1 gives
the drawing for K11. In particular, no face of this
drawing is incident with two vertices, so this cannot
be s-bishellable for any s ≥ 0. Thus, there are Harary-
Hill optimal drawings that are neither shellable nor
bishellable.

On the other hand, a tin can drawing of Kn has a
cycle of length dn/2e having no edges crossed. Such a
cycle shows that the drawing is dn/2e-shellable. Thus,
it is shellable and so also bishellable. In particular, it
has at least H(n) crossings.

3
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Figure 1: Non-bishellable, Harary-Hill optimal draw-
ing of K11 where all edges are crossed [5].

To distinguish between shellable and bishellable
drawings is more subtle. Consider the gadget in Fig-
ure 2. A sequence of vertices of length at least bn/2c
witnessing shellability would have to have vertices on
both sides of both the blue and green simple closed
curves through v. In particular, v must be an inter-
nal vertex of the sequence. However, if both regions A
and B have enough vertices, each of A and B has an
end of the sequence. Since the ends of the sequence
must be incident with the same face of the drawing,
this is evidently impossible.

v

BA

Figure 2: Gadget with two walls and one gate v
blocking a shelling cycle.

For the drawing in Figure 3, the general values n1 =
b(n − 11)/3c, n2 = b(n − 27)/3c, and n3 = b(n −
13)/3c provide an instance for each n ≥ 27 that is
bishellable but not shellable. There are many other
particular instances that are also non-shellable. On
the other hand, the drawing in Figure 3 is (bn/2c−2)-
bishellable: take one sequence starting in the middle
of the central set and go to the left, while the other
starts in the middle of the central set and goes to the
right.

4 Open problems

We close with two open questions:

• Is there a concept similar to bishellability that
does not require the starting vertices of the se-
quences to share a cell, but still implies some

n1 n2 n3

Figure 3: Base for non s-shellable with s ≥ bn/2c
but (bn/2c − 2)-bishellable drawings.

bound for Ek or some related quantity?

• Can you find a combinatorial characterization of
Harary-Hill optimal drawings?
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[5] Bernardo M. Ábrego, Oswin Aichholzer, Silvia
Fernández-Merchant, Pedro Ramos, and Birgit
Vogtenhuber. Non-shellable drawings of Kn with
few crossings. In CCCG 2014, Halifax, Nova Scotia,
Canada, 2014.
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